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Abstract. We investigate 3-dimensional globally hyperbolic AdS manifolds containing "particles", i.e., cone 
singularities of angles less than 2tt along a time-like graph T. To each such space we associate a graph and 
a finite family of pairs of hyperbolic surfaces with cone singularities. We show that this data is sufficient to 
recover the space locally (i.e., in the neighborhood of a fixed metric). This is a partial extension of a result of 
Mess for non-singular globally hyperbolic AdS manifolds. 
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1. Introduction 

1.1. The 3-dimensional AdS space. The anti-dc Sitter space, AdS n , is a complete Lorentzian manifold of 
constant curvature —1. It can be defined as a quadric in the space R n_1 ' 2 , that is, R n+1 endowed with a 
symmetric bilinear form of signature (n — 1, 2): 

AdS n = {x e R n ~ 1,2 | (z,x) = -1} . 

In some ways, AdS3 can be considered as a Lorentz analog of hyperbolic 3-space. We are interested here in 
manifolds endowed with a geometric structure which, outside some singular points, is locally isometric to AdS^. 

1.2. Globally hyperbolic AdS spacetimes. A Lorentz 3-manifold M is AdS if it is locally modeled on AdS^. 
Such a manifold is globally hyperbolic maximal compact (GHMC) if it contains a closed, space-like surface S, 
any inextendible time-like curve in M intersects <S* exactly once, and M is maximal under this condition (any 
isometric embedding of M in an AdS 3-manifold satisfying the same conditions is actually an isometry) . Those 
manifolds can in some respects be considered as Lorentz analogs of quasifuchsian hyperbolic 3-manifolds. 

Let S be a closed surface of genus at least 2. A well-known theorem of Bers [Ber60] asserts that the space 
of quasifuchsian hyperbolic metrics on S x R (considered up to isotopy) is in one-to-one correspondence with 
7s x 7s, where 7s is the Teic hmiiller space of S. 

G. Mess |Mes071 |ABB + Q7] discovered a remarkable analog of this theorem for globally hyperbolic maximal 
anti-de Sitter spacetimes: the space of GHM AdS metrics on S x R is also parameterized by 7s x 7s- Both the 
Bers and the Mess results can be described as "stereographic pictures": the full structure of a 3-dimensional 
constant curvature spacetime is encoded in a pair of hyperbolic metrics on a surface. 

To understand this result more precisely, recall that the identity component of the isometry group of AdS^, 
Oo(2, 2), is isomorphic, up to finite index, to P5X(2,R) x P57(2,R). Given a 3-dimensional maximal globally 
hyperbolic AdS spacetime M, it is homeomorphic to S x R, where S is a closed surface which can be chosen 
to be any Cauchy surface in M. Then M is isometric to ft / h(iri(S)) , where f2 is a convex subset of AdS% and 
h : tti(S) — > Oo(2, 2) is a homomorphism, which can be written as (hi, h r ) in the identification of Oq(2, 2) with 
PSL(2,R) x PSl(2,R). 

Theorem 1.1 (Mess |Mes07j ). The homomorphisms hi and h r have maximal Euler number, so that they are 
holonomy representations of hyperbolic metrics on S and can be identified with points in the Teichmiiller space 
7~s of S. The map sending M to (hi,h r ) G 7s x 7s is a homeomorphism. 

1.3. Cone singularities. Cone singularities along curves have been studied often in hyperbolic geometry, see 
e.g. [CHKOO, IBLP05] . A basic model space is the metric space Hg,# G (0, 2tt), defined as follows. Let A be a 
geodesic in H 3 , and let P, P' be two half-planes bounded by A, such that the oriented angle between P and P' 
is 9. Then H 3 , is obtained by "cutting out" the part of H 3 bounded by P and P' (with angle 8 along A) and 
isometrically gluing the boundary half-planes by the isometry which is the identity on A. 

A hyperbolic cone-spacetime with singular locus a link is a metric space where each point has a neighborhood 
isometric to a neighborhood of HfJ, for some 9 S (0, 2%). A key rigidity result for closed 3-dimensional cone- 
spacetimes with singular locus a link and cone angles in (0, 2tt) was proved by Hodgson and Kerckhoff HK98 , 
and had a profound influence on hyperbolic geometry in recent years, see e.g. [BBES03 . More recently this 
rigidity result was extended to closed hyperbolic cone-spacetimes with singular set a graph, see [MM111 IWei] 

1.4. AdS spacetimes and particles. 3-dimensional AdS spacetimes were first studied as a lower-dimensional 
toy model of gravity: they are solutions of Einstein's equation, with negative cosmological constant but without 
matter. A standard way to add physical realism to this model is to consider in those AdS spacetimes some 
point particles, modeled by cone singularities along time- like lines (see e.g. tH96 ( tH93 ). 

Here we will call "massive particle" such a cone singularity, of angle less than 27T, along a time-like line. The 
condition that the angle is less than 2ir is usually made by physicists, who consider it as corresponding to the 
positivity of mass. Here, as in [BBS10 , it is mathematically relevant. 

Globally hyperbolic AdS spaces with such particles were considered in |BS09j . when the cone angles are less 
than 7r. It was shown that a satisfactory extension of Theorem 11.11 exists in this setting, with elements of the 
Teichmiiller space of S replaced by hyperbolic metrics with cone singularities, with cone angles equal to the 
angles at the "massive particles" . There are corresponding results in the hyperbolic case [MS09 , LS09] where 
the Bers double uniformization theorem extends to quasifuchsian manifolds with "particles" : cone singularities 
along infinite lines, with angle in (0, tt). Here, by contrast, we allow cone angles to go all the way to 2ir. This 
is a crucial difference since it allows massive particles to "interact" in interesting ways. 

More general types of particles, including cone singularities along time-like or light-like lines and "black hole" 
singularities, are considered in BB SlOj . where the reader can find a local description at the interaction points 
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as well as some global examples and related constructions. Here we focus on massive particles only, our main 
goal is to show how the moduli space of globally hyperbolic AdS metrics with interacting massive particles, 
on a given 3-spacetime, can be locally parameterized by finite sequences of pairs of hyperbolic surfaces with 
cone singularities. This can be considered as a first step towards an extension of the Bers-type result of Mess 
Mcs07 quoted above. However the collisions between particles means that the situation is much richer and 
more complex than for angles less than it as considered in [BS09 , where no collision occurs. 

1.5. Stereographic picture of spacetimes with colliding particles. With angles less than 27r, interactions 
can and actually do occur. So to each space is associated a sequence (or more precisely a graph) of "spacial 
slices" , each corresponding to a domain where no interaction occurs. To each slice we associate a "stereographic 
picture": a "left" and a "right" hyperbolic metric, both with cone singularities of the same angles, which 
together are sufficient to reconstruct the spacial slice. This construction is described in Section WM 

Here too a new but apparently natural notion occurs, that of a "good" spacial slice: one containing space-like 
surfaces which are not too "bent" , or more generally one on which there is a time-like, unit vector field which 
does not vary too much locally. There are examples of space-times containing a "good" spacial slice which stops 
being "good" after a particle interaction. A GHMC AdS spacetimes with particles is "good" if it is made of 
good space-like slices, see Definition 15.111 

Adjacent spacial slices are "related" by a particle interaction. In Section I5T21 we show that the left and right 
hyperbolic metrics before and after the interaction in a good space-time are related by a surgery involving, for 
both the left and right metrics, the link of the interaction point: for both the left and right metrics, a topological 
disk is found, isometric to a large enough disk in the past component of the link of the interaction point, and 
each of those disks is replaced (in a compatible way) by a large enough disk in the future component of the link 
of the interaction point — see Definition 15.71 Since the same type of surgery is done on both the left and the 
right hyperbolic metrics, we use the term "double surgery" . 

As a consequence, to a good AdS space-time with particles, we can associate two distinct pieces of information: 

• a "topological data" , namely the position of the singular graph (the particles along with the interaction 
points) in the spacetime, 

• a "geometric data" , where to each spatial slice is associated a pair of hyperbolic surfaces with cone 
singularities (a "stereographic picture"), and to each interaction point is associated a double surgery 
(see Definition I5.16P . 

This is developed in Section IB~5l 

1.6. The stereographic picture is a complete description (locally). In Section [5] we show that this 
locally provides a complete description of possible AdS spaces with interacting massive particles, i.e., given an 
AdS metric g with interacting particles, a small neighborhood g in the space of AdS metric with interacting 
particles is parameterized by the admissible deformations of the topological geometric data associated to the 
spacial slices. This is Theorem 16. 11 which we can formulate here as follows. 

Theorem 1.2. Let M be an admissible AdS spacetime with interacting particles, and let (T,G) be the associ- 
ated topological and geometric data. Then M is uniquely determined by (T, G) . Moreover, any small enough 
deformation of G corresponds to an admissible AdS spacetime with interacting particles close to M , with the 
same topological data T. 

This statement is obviously informal since we did not introduce yet a number of notions necessary to make 
it precise, in particular concerning the space of topological and geometric data, etc. The precise form of the 
statement can be found below as Theorem 16. II 

In the non-singular case (Theorem 11.11) the parameterization of the space of GHM AdS spacetimes by 2- 
dimensional data — a pair of hyperbolic metrics — is not only local, but global. It is of course natural to 
wonder whether it could be possible to extend Theorem 16. II to a global existence theorem of an admissible AdS 
spacetime with particles having a given topological and geometric data. This question leads to new issues that 
we do not consider here. 

1.7. Contents. The exposition below goes from the more general arguments to those tailored more specifically 
for AdS spacetimes with interacting particles. 

In Section [5] we define the notion of admissible AdS spacetime with particles occuring in Theorem 11.21 and 
prove basic statements on the extension of isometries on AdS spacetimes with interacting particles. 

In Section [H we define a notion of good spacelike slice and define the left and right hyperbolic metrics 
associated to such a slice. We then consider more specifically the properties of those left and right metrics in 
relation with a collision point in the boundary of the spacelike slice. 
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Section [5] deals with the change in the left and right metrics which happen when a collision happens. The 
central notion of double surgery is introduced there. It is then possible to define precisely the topological and 
geometric data associated to an AdS spacetime with interacting particles. 

The main result of the paper, Theorem 16.11 ( which is the same as Theorem 1 1 . 2 1 but stated more precisely). 

The appendix contains a more technical development which is not necessary for the proof of the main result 
but which should clarify, for the more interested readers, the definition of a double surgery; it shows why this 
definition, which could a first sight appear more complicated than necessary, is actually relevant. 

2. The space of maximal spacetimes with collisions 

2.1. Globally hyperbolic AdS spaces with particles. This paper is to some extend a continuation of 
[BBS10], where we studied the geometry of 3-dimensional AdS spacetimes with interacting particles. The 
particles considered in BBS10 are more general than those under consideration here, since they are cone 
singularities on a space-like, a light-like, or a time-like curve, as well as more exotic objects (black holes or white 
holes). Here by contrast we only consider massive particles, that is, cone singularities along time- like segments. 

However we will rely at some point on the analysis made in [BBSlOj of the geometry near a "interaction of 
particles", that is, a graph of the singular locus. In particular we refer the reader to BBS10 for the notion of 
link of such an interaction point, and of the corresponding HS-surfaces. 

Another notions that we will use without further notice is that of globally hyperbolic spacetime with particles. 
This notion is well-known for non-singular spacetimes, it is proved in [BBSlOj that it extends well to spacetimes 
with particles such as those considered here. 

2.2. Admissible AdS spacetimes with interacting particles. We consider in this paper AdS spacetimes 
with collisions of particles, defined as pairs (M, T) where 

• M is a differentiable manifold and T is a closed graph embedded in M, 

• a smooth AdS metric is defined on M reg = M \T, 

• each edge of T is a massive particle, that is a cone singularity along a time-like curve. 

We will assume that the cone angle at each edge is in (0, 27r) (positivity of the mass) and that the the link of 
any vertex of T is an _ff5-surface with positive mass (see Definition 4.2 of [BBS10] ). 

We will also require some natural causal properties. First we will consider the case where M is topologically 
the product S g x K, where S g is a closed surface of genus g. We require that there is a sequence of embedded 
closed space- like surfaces S%, S2, ■ ■ ■ , S n in M which do not meet the vertices of T such that: 

• Sk+i is contained in the future of Sk, 

• the region bounded by Sk and Sk+i contains exactly one collision, 

• the past of Si and the future of S n do not contain any collision point, 

• inextensible causal curves meet every Sk at one point. 

Since the future and the past of each point of T is defined, curves ending at T are not inextensible. Moreover, 
since it possible to construct an inextensible causal curve contained in T, T meets each surface Sk- 

Definition 2.1. An AdS spacetime with collisions is admissible if satisfies the conditions above. 

Remark 2.2. In general, the sequence Sk is not unique up to isotopies of the pair (M,T). However Si and S n 
are uniquely determined up to isotopy by the property that the past of S± and the future of S n do not contain 
collision points. 

Given an AdS spacetime with particles M, we define an isotopy in M as a homeomorphism cj> : M —> M such 
that there exists a one-parameter family (<frt)te[o,i] °f homeomorphisms from M to M, with 0o = Id, (pi = (j>, 
such that each <j> t sends the singular set of M to itself. Two domains in M are isotopic if there is an isotopy 
sending one to the other. 

2.3. Maximal spacetimes. Let M be an admissible spacetime with collision. Let us consider a space-like 
surface S% (resp. Sf) in M such that the past of Si and the future of Sf do not contain any collision point. 

The past of Si in M can be thickened to a maximal globally hyperbolic spacetime without collision containing 
Si, say Mi . Analogously the past of Sf can be thickened to a maximal globally hyperbolic spacetime without 
collision, say Mf. 

The maximality of Mi shows that I^(Si) isometrically embeds in Mi. In general its image in Mi is contained 
in the past of Si in Mi, but does not coincide with it. 

We say that M is a m-spacetime, if the following conditions hold. 

• I^j(Si) isometrically embeds in Mi and coincides with I~^\Si), 
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• Ij~f{Sf) isometrically embeds in Mf and coincides with I~M f (Sf). 
Lemma 2.3. Every admissible spacetime with collision embeds in an m-spacetime. 

Proof. Let Si and Sf be space-like surfaces as above and denote by Ui (resp. Uf) the past (resp. the future) of 
Si (resp. Sf) in M. Clearly Ui embeds in Mj. Let Vi be the past of Ui in M{ (and analogously let Vf be the 
future of Uf in Mf). 

Then Vi and Vf can be glued to M by identifying Ui to its image in Vi and Ui to its image in Uf. The 
spacetime obtained in this way, say M' , is clearly an m-spacetime. □ 

Let M be an admissible spacetime with collision and T be its singular locus. We say that M is maximal if 
every isometric embedding 

(M,T) -> (M',T') 

that restricted to T is a bijection with the singular locus T' of M', is actually an isometry. 

Lemma 2.4. Every m-spacetime is maximal. Every admissible spacetime (M,t) isometrically embeds in a 
unique m-spacetime (M 1 ,T') such that each vertex of T' is the image of a vertex of T . 

Proof. We sketch the proof, leaving details to the reader. 

Let (M, T) be an admissible spacetime and let it : (M,T) — > (M m ,T m ) be the m-extension constructed in 
Lemma 12.31 

We need to prove that given any isometric embedding 

l : (M,T) -> (M',T') 

which restricts to a bijection between T and T', there is an embedding of %' : (M', T') — > (M m , T m ) such that 

7T = 71"' O i. 

Let Si,Sf be space-like surfaces in M as in Lemma 12.31 The embedding t identifies Si and Sf with disjoint 
space- like surfaces in M' (that with some abuse we will still denote by Si,Sf). Moreover Si is in the past of 
Sf in M' . Since t bijectively sends T to T', the past of Si in M' and the future of Sf in M 1 do not contain 
collision points and are globally hyperbolic domains. 

Now the closure of the domains VL = Jj^(5») n I]^(Sf) and Q' = Ij^,(Si) fl I^ P (Sf) are both homeomorphic 
to 5 x [0, 1] and t sends £1 to f2 and <9i! onto dft'. A standard topological argument shows that t(f2) = f2'. 

Finally if M, (resp. Mf) denotes the MGH spacetime containing Si (resp. Sf), we have that I^/(Si) (resp. 
/+ , (S f )) embeds in J Mj (Si ) (resp. /+ / (S f ) ) . 

Thus we can construct the map n' : M' — > M m in such a way that 

• on I^,(Si) ("1 IJ It (Sf) we have n' = 

• on I^i (Si) it coincides with the embedding in 7^-. (5^); 

• on I^p(Sf) it coincides with the embedding in (Sf). 

□ 

2.4. The deformation space of maximal spacetimes. In this section we introduce the space of deformations 
of a spacetime with collisions. Let us fix g, an oriented graph T in S g x R such that non-compact edges are 
properly embedded, and a family of numbers 9 — (6 e ) eE y 1 , where T\ is the set of edges of T. 

We consider the space (l of maximal admissible AdS'-structures on S g X M with singular locus T such that 

• every edge e is a particle of angle e ; 

• the orientation of e agrees with the time-orientation induced by the AdS structure. 

Let Diffeoo be the group of diffeomorphisms of the pair (S x R, T) whose restriction to S x R \ T is isotopic 
to the identity. It is not difficult to show that Diffeoo acts on f2 by pull-back. 

We denote by l4(g,T,9) the quotient space: an element oiti(g,T 1 6) is a singular metric with the properties 
described above, up to the action of Diffeoo- 

There is a natural forgetful map from U(g, T, 9) to the set of AdS structures on (S g x R) \ T up to isotopy. 
Proposition 12.51 ensures that this map is injective, so U(g,T,9) can be identified to a subset of the space of 
anti-de Sitter structures on S x R \ T. Thus U(g, T, 9) inherits from this structure space a natural topology (see 
CEG86J for a discussion on the topology of the space of (G, A)-structures on a fixed manifold). 

Proposition 2.5. Let /i, v be two singular metrics on S x R with singular locus equal to T. 
Then any isometry 

if) : (S X R \ T, n) (S X R \ T, v) 
extends to an isometry ip : (S x R, fj,) — > (S x R, v). 
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Proof. Let us takep E T. Consider some small /x-geodesic c : [0, 1] — > SxM. such that c(l) = p and c([0, l))flT = 
0. If c is small enough, we can find two points r_ and r+ in S x K \ T such that c[0, 1) C 7+(r_) n I~(r+). 

Now let us consider the ^-geodesic path c'(£) = ip(c(t)) defined in [0, 1). Notice that c' is an inextensible 
geodesic path in S x K \ T. 

We know that c' is contained in I+(ip(r-)) D I~ (tp(r + )). Thus if <S± is a space- like surface through r±, we 
have that c' C I^(S-) (~l I~(S+) that is a compact region in 5 x R. Thus c'(i) converges to some point in T as 
t ->■ 1. We define c = limt_>i c'(l). 

To prove that ip can be extended on T we have to check that c only depends on the endpoint p of c. In other 
words, if d is another geodesic arc ending at p, we have to prove that c is equal to d — lim^i tp o d(t). By a 
standard connectedness argument, there is no loss of generality if we assume that d is close to c. In particular 
we may assume that there exists the geodesic triangle A with vertices c(0), d(0),p. 

Consider now the /i-geodesic segment in A, say I t , with endpoints c(t) and d{t). The image ip(I t ) is a v- 
geodesic segment contained in S x M \ T. Arguing as above, we can prove that all these segments (V'(7t))te[o,i) 
are contained in some compact region of 5 X 1. Thus either they converge to a point (that is the case c = d), 
or they converge to some geodesic path in T with endpoints d and c. 

On the other hand, the v- length of ip(I t ) goes to zero as t — > 1. Thus either ip(It) converges to a point or it 
converges to a lightlike path. Since T does not contain any lightlike geodesic it follows that ip{h) must converge 
to a point. Thus d = c. 

Finally we can define 

ip{p) = c 

where c is any /x-geodesic segment with endpoint equal to p. 

Let us prove now that this extension is continuous. For a sequence of points p n converging to p € T we have 
to check that ip{p n ) — > ip(p)- We can reduce to consider two cases: 

• (p n ) is contained in T, 

• (p n ) is contained in the complement of T. 

In the former case we consider a point q in the complement of T close to p. Let us consider the /i-geodesic 
segment c joining q to p and the segments c n joining q to p n . Clearly for every t € (0, 1] the points c n (t) and 
c(t) are time-like related and their Lorentzian distance converges to the distance between p n and p as t — > 1. 
On the other hand, since tp(c n (t)) (ip(c(t))) converges to ip(p n ) (V'(p)) as t 1> we can conclude that 

d(ip(p n ),ip(p)) = d(p n ,p) 

where d denotes the Lorentzian distance along T . This equation implies that ijj(pn) —> ip{p) as n — > +oo. 

Let us suppose now that the points p n are contained in the complement of T. We can take r + and r_ such 
that p n G 7+(r_) n I~(r + ) for n > no. Thus the same argument used to define ip(p) shows that (ip(p n )) is 
contained in some compact subset of S x R. To conclude it is sufficient to prove that if ip(p n ) — ► then x = 
Clearly x G T. Moreover either a; coincides with ^(p) or there is a piece- wise geodesic segment in T connecting 
x to ip(p). Since the length of this geodesic should be equal to the limit of d(p n ,p), that is 0, we conclude that 
x = tpip). 

Eventually we have to check that the map tp is an isometry at p. Let us note that tp induces a map 

tP* : S p -> , 

where S p and S^,/ s are respectively the link of p with respect to /i and the link of ip{jp) with respect to v. 

Simply, if c is the tangent vector of a geodesic arc c at p, we define ip^(v) = iu where w is the tangent vector 
to the arc ip o c at Notice that ip is an isometry around p iff ?/>^ is a i/S-isomorphism. 

Clearly is bijective and is an isomorphism of HS surfaces far from the singular locus. On the other hand, 
since singularities are contained in the hyperbolic region, a standard completeness argument shows that it is a 
local isomorphism around singular points. □ 

3. The holonomy map on the space of admissible spacetimes 

In this section we consider more specifically the holonomy representation of admissible AdS spacetimes with 
particles. The main result is Theorem 13.31 which states that small deformations of the AdS structure are in 
one-to-one correspondence to "admissible" deformations of the holonomy representation. 
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3.1. Holonomies of singular AdS'-spacetimes around the singular locus. Let M be a an admissible AdS 
structure on S g x E, and consider the holonomy 

h : ni(M reg ) -4 50(2,2) . 

Fix a collision point, p, of M, and let E p be the link of the point p. Notice that the inclusion map i : E p — > M 
produces an inclusion of groups well-defined up to conjugation 

)^ir 1 (M reg ), 

where E PjT . es is the regular part of E p . 

In this section we will investigate the behavior of the restriction of h to 7Ti(E Pire9 )). 

Lemma 3.1. If 7 is a meridian loop in TTi(M reg ) around a particle e then h{pf) is a rotation of angle 9 e around 
a time-like geodesic of AdS^. 

If p is a collision point, then there is xq £ AdS^ which is fixed by ^1(7) for any 7 S 7Ti(E P!re9 ). 

Proof. In the first case a regular neighborhood of 7 embeds in the local model of the particle whose holonomy 
is a rotation of angle 9 e . 

In the second case, notice that a neighborhood of the point p is isometric to the AdS cone of the H 5 surface 
E p . So in order to prove the statement it is sufficient to check that the holonomy of the AdS cone of a HS 
surface fixes a point in AdS^. 

Now fix any point xq G AdS3 and identify T Xo AdS% with the Minkowski space M 2,1 . In this way the HS- 
sphere is identified with the space of geodesic rays starting from xq . If cq : E p — > HS2 is the developing map of 
E p , then the developing map of the AdS cone of E p is the map 

dev : E p x M -> AdS 3 

such that if x is not a photon of E p then dev(x,t) = co(x)[t], where Co (#)[•] is the arc-length parameterization 
of the segment cq(x). 

In particular, if 7 is an element of 7ri(E Pire9 ) then the holonomy of the AdS cone around 7 is the transforma- 
tion of 50(2, 2) which fixes xo such that its differential at Xq coincides with the holonomy of E p (as i?5-surface) 
around 7. □ 

3.2. The holonomy map. After the preliminary material in the previous section, we now turn to the statement 
and proof of Theorem 13.31 We first define the notion of "admissible" holonomy representations. 

Definition 3.2. We say that a representation 

h : 7n(M refl ) -> 50(2,2) 

is admissible if 

• for any meridian loop 7 in M reg around an edge e of T h{pj) is a rotation around a time-like geodesic 
in AdS% of angle 9 e , 

• for any vertex p e T, there is a point xq S AdS^ fixed by h("f) for any 7 G 7ri(E PiI . eg ). 
We denote by TZ(g, T, 6) the space of admissible representations up to conjugacy. 

By Lemma |3~T1 the holonomy of any structure of U{g, T, 9) lies in lZ(g, T, 9). We prove now that U{g, T, 9) is 
locally homeomorphic to TZ(g, T, 9). 

Theorem 3.3. The holonomy map 

U(g,T,6)^K(g,T,6) 

is a local homeomorphism. 

To prove this proposition we will use the following well-known fact about (G, X)-structures on compact man- 
ifolds with boundary, see |CEG86j . Let us recall that a collar of a manifold N with boundary is a neighborhood 
of the boundary homeomorphic to dN x [0, 1). 

Lemma 3.4. Let N be a smooth compact manifold with boundary and let N' C N be a submanifold such that 
N\N' is a collar of N . 

• Given a (X,G) -structure M on N let hol(M) : ni(N) — > G be the corresponding holonomy (that is 
defined up to conjugacy). Then, the holonomy map from the space of (X,G)- structures on N to the 
space of representations of tt\(N) into G (up to conjugacy) 

M h4 hol(M) 

is an open map. 



8 



COLLISIONS OF PARTICLES 



• Let Mq be a (X,G)- structure on N and denote by Mq the restriction of Mq to N . There is a neigh- 
borhood hi of Mq in the set of {X, G) -structures on N and a neighbourhood V of Mq in the set of 
(X,G)- structures on N' such that 

(1) If M G U and M' G V share the same holonomy, there is an embedding as (X,G) -manifolds 

M' ^ M. 

homotopic to the inclusion N' <— » N . 

(2) For every M' G V there is M in U such that hol(M) = hol{M'). 

First we prove Theorem 13.31 assuming just one collision in M. Let po be the collision point of M and So be 
the link of po in M (that is a HS-surface). Denote by So.reg the regular part of So and by Go < tti(S x E \ T) 
the fundamental group of Sg re£( . 

Given any representation h G 1Z, let us denote by xq the point fixed by h(Go) and by Lh : Go — > 50(2, 1) = 
SO(T Xo AdSs) the action of Go at the tangent space of Xo- Notice that, identifying SO(T Xo AdSs) with SO(2, 1), 
the conjugacy class of Lh only depend of the conjugacy class of h. Moreover the map sending h to Lh is a 
continuous map between 1Z and the space of conjugacy classes of representations of Go into 50(2, 1). 

Lemma 3.5. There is a neighborhood IAq of So i- n the space of HS-surfaces homeomorphic to So such that the 
holonomy map on Uo is infective. 

Moreover, there is a neighbourhood V of h in lZ(g, T, 0) such that for every hi G V there is an HS-surface in 
Uo, say S(ft'), such that the holonomy o/S(ft') is conjugate to Lh' : Go — > 50(2, 1). 

Proof. Around each cone point qi of So take small disks 

Ai(i) d A a (i) 

Let now E,S' be two HS-surfaces close to So sharing the same holonomy. By Lemma T3.41 up to choosing Uq 
sufficiently small, there is an isometric embedding 

/:(S\|jA 2 (z))^S'. 

Moreover, Ai(i) equipped with the structure induced by S embeds in S' (this because the holonomy locally 
determines the HS-structure near the singular points of HS-surfaces). It is not difficult to see that such an 
inclusion coincides with / on \ ^(i) (basically this depends on the fact that an isometry of a hyperbolic 

annulus into a disk containing a cone point is unique up to rotations). Thus gluing those maps we obtain an 
isometry between S and S'. 

To prove the last part of the statement, let us consider for each cone point a smaller disk A^(i) C Azfy). Let 
U = So \ (J As(i). Clearly we can find a neighbourhood V of ft. such that if ft/ G V then there is a structure U' 
on U close to he original one with holonomy Lh'. On the other hand it is clear that there exists a structure, 
say A^(i), on Ai(i) with cone singularity with holonomy given by Lh' and close to the original structure. By 
Lemma T3.4[ if ft' is sufficiently close to ft, then A 2 (i) \ A.s(i) equipped with the structure given by U' embeds 
in A^(z). Moreover dA2(i) bounds in A^(i) a disk A(i) containing the cone point. Thus we can glue the Ai(i) 
to U' to obtain the HS-surface with holonomy Lh'. □ 

Let G(ft') be the AdS cone on S(ft'). By construction, the holonomy of G(ft') is conjugated to h'\c 
Consider now two space-like surfaces 5i, 5 2 in M orthogonal to the singular locus that are disjoint and such 

that po G I + (Si) n J"(5 2 ). Let M = I + (Si) n I~(S 2 ). Clearly Si is the past boundary of M and 5 2 is its 

future boundary. 

Take the neighborhood V of ft in 1Z given by Lemma [3.51 and, for ft' G V, consider the AdS cone G(ft') 
constructed above. The following is a simple application of Lemma 13.41 we leave the proof to the reader. 

Corollary 3.6. Let Nq be the AdS -manifold with boundary obtained by cutting a regular neighborhood of T 
from Mq, and let U be a collar of 8Nq in Nq. If N' is a slight deformation of the AdS -structure on Nq with 
holonomy h! then U, with the AdS -structure induced by N' , embeds in G(ft'). 

Now up to shrinking V we may suppose that: 

• For any ft' G V, there is a deformation of the AdS structure on No, say No(h'), with holonomy ft'. 

• If U(h') denotes the AdS structure induced by No(h') on U , then U(h') isometrically embeds in C(h'). 

• The image of the boundary of TVo(ft') through this embedding is the frontier of a regular neighborhood 
B of the singular locus in G(ft'). 

• The image of U(h') is disjoint from B 
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The spacetime obtained by gluing B to N (h'), by identifying the boundary of N (h') with the frontier of 
B, is a spacetime with collision with holonomy hi . Its maximal extension, say M(hl), is an m-spacetime with 
holonomy hi . 

To conclude we have to prove that if hi is sufficiently close to h, then M(h') is unique in a neighborhood of 
Mo- 

In fact, it is sufficient to show that any given m-spacetime M' with holonomy hi close to M must contain a 
spacetime M' Q C M' containing the collisions which embeds isometrically in M(h'). We can assume M' Q close 
to Mo (this precisely means that Mq is obtained by deforming slightly the metric on Mo). 

Take small neighborhoods U2 C U\ of the singular locus in Mq. By Lemma \'3. 41 Mq \ U2 embeds in M(h'). 
By the uniqueness of the TJS'-surface with holonomy hi , U\ embeds in M(h') as well. 

It is not difficult to check that there exists a unique isometric embedding U\ nE/2 — > M (h') t so the embeddings 
Ui ^ M(hl) and M' a \U2 M(h') coincide on the intersection. So they be glued to an embedding Mq <^-> M(h'). 

This concludes the proof of Theorem 13.31 when only one interaction occurs. The following lemma allows to 
conclude in the general case by an inductive argument. 

Lemma 3.7. Let S be a space-like surface of M , and let M_, M + be the past and the future of S in M . Suppose 
that for a small deformation hi of the holonomy h of M there are two spacetimes with collisions M'_ = M_ 
and M' + = M + such that the holonomy of M± is equal to h'\ 7ri (M±)- Then there is a spacetime M' close to M 
containing both M'_ and M' + . 

Proof. Let N(h) denote the maximal GH structure with particles on5xl whose holonomy is h^^s)- There 
is a neighborhood of S in M which embeds in N{h). We can suppose that S C M is sent to S x {0} through 
this embedding. 

Now let U± be a collar of S in M± such that the image of U- in N(h) is S x [— e, 0] and the image of U+ is 
S x [0, e] for some e > 0. 

If hi is sufficiently close to h, then there is an isometric embedding of U± (considered as subset of M'±) into 
N(h') 

i±:U±^ N(h') 

such that the image of U- is contained in S x [— 2e,e/3] and contains S x {— e/2}, and that the image of U+ is 
contained in S x [— e/3, 2e] and contains S x {e/2}. Thus we can glue M'± and S x [—e/2, e/2] by identifying 
p G U± n «± 1 (5' x [—e/2, e/2]) with its image. The spacetime we obtain, say M' , clearly contains M'_ and 
M' + . □ 

Remark 3.8. To prove that there is a unique m-spacetime in a neigbourhood of M with holonomy hi , we again 
use an inductive argument. Suppose we can find in any small neighborhood of M two m-spacetimes M' and 
M" with holonomy hi . We fix a space- like surface S in M such that both the future and the past of S, say M±, 
contain some collision points. Let U C V be regular neighbourhoods of S in M with space-like boundaries. We 
can consider collars U' C V in M' and U" C V" in M" such that 

• U' U U" and V U V" are close to U and V respectively, 

• they do not contain any collision, 

• they have space-like boundary. 

Applying the inductive hypothesis on the connected regions of the complement of U' in M' and U" in M' we 
have that for hi sufficiently close to h there is an isometric embedding 

t/> : M' \ U' -> M" 

such that ip(dU') is contained in V" . 
Now consider the isometric embeddings 

v! : V -> JV(fc') u" : V^" -> iV(ft') 

notice that the maps u' and u" o tp provide two isometric embeddings 

V'\U' -> N(ti) 

so they must coincide (we are using the fact that the inclusion of a GH spacetime with particles in its maximal 
extension is uniquely determined). 

Finally we can extend ip on the whole M' by setting on V 

ij) = (u")- 1 ou'. 
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4. The left and right metrics on space-like SLICE of GOOD spacetimes 

The main goal of this section is to construct, for each space-like slice containing no particle collision, two 
hyperbolic metrics with cone singularities on a surface. It is the sequence of those pairs of hyperbolic metrics 
(or, more precisely, the graph of those pairs of hyperbolic metrics) which provide a complete description of a 
spacetime with interacting particles, as seen in Theorem 16. II 



4.1. The left and right connections. The constructions of the left and right hyperbolic metrics, below, can 
be understood in a fairly simple manner through two flat linear connections on the tangent bundle of an AdS 
3-manifold. In this first part we consider an AdS manifold M, which could for instance be the regular part of 
an AdS manifold with particles. 

Definition 4.1. Let M be an AdS manifold and V be its Levi-Civita connection. On M we consider two linear 
connections defined by 

D l v u — \7 v u + u x v , D r v u = \7 v u — u x v , 
where x is the cross-product in AdS 3 — it can be defined by (v x y)* = *(v* Ay*), where v* is the 1-form dual 
to v for the AdS metric and * is the Hodge star operator. 

Lemma 4.2. D l and D r are flat connections compatible with the AdS -metric. 

Proof. The fact that D l and D r are compatible with the metric easily follows from the property of the cross- 
product. 

Let v, w, u be vector fields on M. Then the curvature tensor of D l is equal to 
R l v>w u = D l v D l w u~D l w D l v u-D[ vw] u 

= \7 v (D l w u) + v x (D l w u) - \7 w (D l v u) - w x (D l v u) - V[ VtW ]U - [v, w] x u 
= V v W w u + V v (w x u) + v x Va,M + v x (w x u) 
— V w \7 v u — V w (v x u) — w x \7 v u — w x (v x u) 
-V[ VtW \u - [v,w] x u 
= R v . w u + (V„w) X u — (V w v) x u — [v, w] X u + v x (w x u) — w x (v x u) 
= R v , w u + v x (w x u) — w x (v x u) . 

A direct computation, using the fact that M has constant curvature —1, shows that this last term vanishes. 
The same proof can be applied to D r . □ 

Definition 4.3. We call T l,t M the bundle of positive directed unit time-like vectors on M . 

Notice that if V is a unit time-like vector field, then D l x V and D r x V are orthogonal to V at any point. In 
particular they belong to the tangent space of T 1,l M. 

In this section we want to relate the holonomies of connections D l and D r — that are representations 
7Ti(M) — )• 500(2, 1) — to the holonomy of the AdS-structure on M, that is a representation iri(M) —> SO(2, 2). 

First we prove that the holonomy of the model space AdS3 is trivial. 

Lemma 4.4. The holonomy of D l and D r on AdS^ is trivial. 

Proof. Since the fundamental group of AdS$ is generated by the geodesic curve j(t) — (cost, sin£, 0, 0), it is 
sufficient to compute the linear maps 

h'ij) : T l{0) AdS 3 3 v h-> V\2ir) e T l{0) AdS 3 

where V (t) is the ZJ'-parallel field along 7 with initial condition V (0) = v. 
If v = 7(0), it is easy to see that V (i) = j(t), so h (7)(u) = v. 

If v is orthogonal to 7, denote by V the V-parallel field extending v. Then we easily see that 

V l (t) = cos(t)V(t) - sm(t)V(t) x 7 . 

Since V(2n) = v, we obtain that h l {"f)(v) = v. 

By linearity we conclude that h (7) is the identity. Similarly we can prove that h r {^) is the identity. □ 

Let us fix a base point xq G AdS 3 and consider the maps 

T l (x),r r (x) : T X0 AdS 3 -)■ T x AdS 3 

obtained by using parallel transport with respect to D l and D r along any curve joining xq to x. By Lemma 
14.41 these maps are well-defined. 
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We identify once for all T Xo AdS 3 with Minkowski space, and O(T X0 AdS 3 ) with 0(2, 1). 

Given any isometry g G 50(2, 2), we can consider the linear transformations of T XQ M obtained by composing 
the parallel transports ri(g(xo)),T r (g(xo)) : T XQ AdS 3 — > T g t Xo \AdS 3 by the inverse of the differential map 
dg(x ) : T XQ AdS 3 -> T g{xo) AdS 3 . Namely 

gi = dgixa)- 1 o Ti(g(x )) , g r = dgix^ 1 o T r (g(x )) . 

Notice that gi and g r are elements of 5*00(2, 1). 

Lemma 4.5. The map 

(1) /: 5O (2,2) 3g^ {g u g r ) e 5O (2,l) x 5O (2,l) 

is a surjective homomorphism and its kernel is the Z2 -subgroup generated by the antipodal map. 

Proof. Notice that Ti(hg(xo)) = t[ ori(h(xo)) where t[ is the parallel transport T h ( XQ }M — > T^r^M. Since D l 
is preserved by isometries of AdS 3 we deduce that r[ = dh(g(xo)) ori(g(xo)) o (dh(xo)) . From these formulas 
we easily get that I is a homomorphism. 

Given a Killing vector field X S so(2, 2) we have that 

dI id (X) = (D l X(x ) > D r X(x )) • 

(Notice that D l X and D r X are skew-symmetric operators of T Xo M.) This formula easily shows that dhd is an 
isomorphism. We conclude that / is a covering map. Since the center of 50o(2, 1) is trivial, ker/ is the center 
of 50o(2, 2), that is, the group generated by the antipodal map. □ 

Remark 4.6. Mess |Mes07j described this map SO (2, 2) -> PSL{2, R) x PSL{2, M) in a different way, using the 
double ruling of the projective quadric C = {[x] 6 PR 2,2 |(a;, x) = 0}. 

Lemma 4.7. Through the identification between SOq(2, 2) with SOq(2, 1) x 50o(2, 1), the stabilizer in SOq(2, 2) 
of a point x £ AdS 3 corresponds to a subgroup of 50o(2, 1) x 50o(2, 1) conjugated to the diagonal subgroup. 

Proof. It is sufficient to prove the statement in the case where x = x$. In that case it is clear by definition that 
if g fixes xq, then gi = g r = dg(xo)~ 1 . So the stabilizer of Xq is contained in the diagonal subgroup. Since those 
groups have the same dimension, they must coincide. □ 

Denote by hi,h r : tti(M) — > 50o(2, 1) the holonomy of the connections D l and D r and by h : wi(M) — > 
Isomo^ the holonomy of M as Ad5-manifold. 

Lemma 4.8. Up to conjugation we have that 

I oh = (hi, h r ) . 

Proof. Let us fix a universal covering map 7r : M — > M, a base point po G M, and a point po e 7r _1 (po)- 
Without loss of generality we may suppose that the developing map sends po to xq . 

Let 7 : [0, 1] — > M be a closed loop in M such that 7(0) = 7(1) = pq. Consider the lift 7 of 7 to M with 
starting point po and denote by L — £(7) the covering automorphism such that L(po) = 7(1). Since tt o L = n 
we have 

(2) dir o dL = dir . 

Let g = h(j) and 77 be the D'-parallel transport along 7 we have the following commutative diagram 

hi (W1 

T po M — ^ T po M T po M 



dn 



dir 



(3) T po M — 2_y T L{po) M T Po M 



d(dev) 

T XB AdS 3 T ' (g(xo)) > T g ( Xo) AdS 3 — — > T Xo AdS 3 

Indeed, the commutativity of the squares on the upper row is easy to check. About the commutativity of 
the first square of the second lower row, it depends on the fact that dev sends D'-parallel vector field on M to 
Z)'-parallel vector field on AdS 3 . Finally the commutativity of the second square of the lower row follows from 
the fact that, by definition of holonomy, g o dev = dev o L. 

By diagram (J3|), identifying T po M with T Xo AdS 3 through the map dir(p )o(d(dev)(po))~ 1 : T Xo AdS 3 — > T po M, 
we have that ^(7) = dg -1 (xo)Ti(g(xo)) — gi and analogously h r (j) = dg^ 1 {xo)T r (g(xoj) = g r - □ 
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4.2. The left and right metrics. Every smooth curve V(t) = (x(t),v(t)) in TM can be regarded as a vector 
field along the curve x(t) — ir(V(t)), so we can consider its covariant derivative with respect to D l and D r . 
There is a splitting of T(TM) associated with the connections D l and D r . Namely we have 

T{TM) = T V (TM) © H l = T V (TM) © H r 

where 

• T V (TM) is the vertical tangent space, that is the tangent space to the fiber (it is independent of the 
connection), 

• H l and H r are the horizontal spaces (depending on the connection): a vector £ G Tt po VQ \(TM) lies in 
H l (resp. H r ) if and only if there exists a D'-parallel (resp. D r -parallel) curve V(t) — (x(t),v(t)) with 
V(0) = £. 

Each of these splittings provides a linear projection 

P l , P r : T M (TM) -> T^ V) (TM) = T p M 

and we easily see that P l (£) = ^-(0) whereas P r {£) = ^p(O) where V(t) = (x(t),v(t)) is any curve in TM 
such that V(0) = £. 

Notice that if (x,v) G T 1 '*M and £ G ^(x.u) (T 1 '*M), we can construct the curve V(i) = (x(t),v(t)) so that 
v(t)) = —1. Since D' and D r are compatible with the metric, we get that P l (£) and P r (£) are orthogonal 
to v in TjM, so either they are or they are space-like. 

Definition 4.9. We call Mi and M r the two degenerate metrics (everywhere of rank 2) defined on T x > l M as 
follows: 

M I (0 = ||P'(0H 2 . M r (0 = ||P r (0H 2 - 

By construction, Mj and M r are symmetric quadratic forms on the tangent space of T x,t M, and they are 
semi-positive, of rank 2 at every point. 

We will derive a more concrete expressions of metrics Mi and M r that will be useful in the sequel. We use a 
natural identification based on the Levi-Civita connection V of M: 

V(x,v) e T 1 ' t M, T( x>v ) (T 1,l M) ~ T X M x v 1 - c T X M x T^M . 

In this identification, given u' G v^, the vector (0,w'), considered as a vector in T(T 1 ' t M), corresponds to a 
"vertical" vector, fixing x and moving v according to v' . And, given x' G T X M, the vector (x',0), considered 
as a vector in T(T '*M), corresponds to a "horizontal" vector, moving x according to x' while doing a parallel 
transport of v (for the connection V). 

Notice that P l (0,v') — P r (0,v r ) = v'\ indeed by definition there exists a curve V(t) = (x,v(t)) in T X M 
whose derivative in is (Q,v'), and we easily see that its covariant derivative (for any connection), coincides 
with v'. 

On the other hand, given a vector (a;', 0) in T^ XjV yTM, it can be extended to a curve V(t) — (x(t), v(t)) which 
is V-parallel and such that x(0) = x'. So we have 

D\ r ,, DV ,, ... 

~dt v{ - t) = ~dT + v{ - t)xx{t) 

we conclude that P l (x', 0) = v x x' . Analogously P r (x' , 0) = — v x x'. So we conclude that 
Mi((x',v% (x\ v')) = \\v' + v x x'f , M r ((x', v% (x\ v')) - \\v' -vxx'f . 

Lemma 4.10. 

• Mi and M r vanish on the integral curves of the geodesic flow of M . 

• Mi and M r are invariant under the geodesic flow of M. 

Proof. We denote by <f> % : TM — > TM the geodesic flow on TM. Let us notice that the geodesic equation of 
the connection V coincides with the geodesic equation of D l and D r . Thus <j>, can be regarded as the geodesic 
flow of the connection D l (D r ) as well. 

Since the orbits of the geodesic flow are tangent to the horizontal space H l (resp. H r ), Mi and M r vanish 
on the direction tangent to the geodesic flow. 

Given a point (a;, v) G TM and £ G T(TM), let us consider any curve V(t) = (x(t),v(t)) such that £ = 1/(0). 
Putting W(s,t) — 4> s (V(t)) — (y(s,t),w(s,t)), by definition we have that y(;t) is a geodesic for any fixed t 
and that §f (s,i) = w(s,t). In particular = 0. 
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By definition, 

d w / ij ,^ d /DW DW\ , „. 

On the other hand, since D l is flat we have 

d I DW DW\ n /DDW DW\ 
ds 



\ dt ' dt / 2 \dt ds ' dt / 







and this shows that Mi(d<fi s (£)) is constant. □ 

Definition 4.11. G(M) is the space of time-like maximal geodesies in M. mi and m r are the degenerate 
metrics induced by Mi and M r , respectively, on G(M). 



Lemma 4.12. (G(M),to; © m r ) is locally isometric to 



f2 



Proof. Since the statement is local, we may suppose that M is simply connected. Let us fix a point xq e M. 
Notice that the set of time-like unit- vector at xq, say T*>*M, is a space-like surface in T Xo M which is isometric 
to the hyperbolic plane. We isometrically identify T*'*M with H 2 . 

Let us consider the maps 4> l ,4> r : T x ' l M — » T*'*M = H 2 defined by using the parallel transport for D l and 
D r . 

We claim that M; = (<p l )*(gn) and M r = (<p r )*(gn)- 

To check the claim, let V(t) = (x(t), v(t)) for t e (-e, e) be any curve in TM with 1/(0) = (x, v) and V"(Q) = £. 
There is a homotopy a(t, s) : (— e, e) x [0, 1] — > M such that a(t, 0) = x(t) and 1) = ieo- The field V can be 
uniquely extended to a field W on cr so that = 0. 

By definition we have that W(t, 1) = <f> l {V(t)), so = ^-(0, 1)- In particular we have 



(^(0,^(0) = ^-^-(o,i),-^-(o,i)y 



On the other hand, since £)' is flat we have 



d I D l W D l W\ ID 1 D l W D l W\ 

= 2(— — -,— - =0, 



ds \ dt dt I \ dt ds dt 
so we deduce that 

/ D l W D l W \ I D l V D l V \ 

mzum = (-^-(0,0), -^-(0,0)) = (^(o), _( 0) ) = \\p\ m > . 

We can obtain in the same way that the pull-back of the hyperbolic metric through cf> r is M r . In particular, 
considering the map (f>(v) = (0 (u), r (w)) £ H 2 x i 2 , Mj ® M r is the pull-back of the sum of hyperbolic metrics 
through <p. 

Notice that the orbits of the geodesic flow are horizontal for both D l and D r (this because geodesies of V 
coincide with geodesies of D l and D r ), so we deduce that <j> is constant on the orbits of geodesic flow, so it 
induces a map 

4> : G(M) ->I 2 xtf 

and we have that 4>*(gw © gm) = m i © m r- 

In order to conclude we should prove that <fi is a local diffeomorphism. This is equivalent to showing that 
to/ © m r is non-degenerate. Since the tangent space of G(M) is the quotient of the tangent space of T^'M 
along the line tangent to the orbit of the geodesic flow, it is sufficient to prove that vectors £ G Tr x „)(T 1,f M) 
such that Mi(£) = M r (£) = are tangent to the orbit of the geodesic flow. 

Taking such a £ = (x' , v'), we deduce that v' + v x x' = v' — v x x' = 0, so v' — and v x x' — 0. Thus 
£ = (a;', 0) with x' parallel to v, and this is the condition to be tangent to the geodesic flow. □ 

Remark 4.13. The proof of Lemma 14.121 shows that in the general case the developing map of mi © m r is the 
map 

4> : G(M) = G(M) -> H 2 x H 2 

described above. Its holonomy is given by the pairs of representations (hi,h r ) (up to the identification of 
%x{G{M)) with m(M)). 

Note that there is another possible way to obtain the same hyperbolic metrics mi and m r in another way, 
using the identification of H 2 x H 2 with PSL(2,R) x PSL(2,R)fO(2) x 0(2). We do not elaborate on this 
point here since it appears more convenient to use local considerations. 
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4.3. Transverse vector fields and associated hyperbolic metrics. The construction of the left and right 
hyperbolic surfaces associated to an AdS 3-manifold is based on the use of a special class of surfaces, endowed 
with a unit time-like vector field behaving well enough, in particular with respect to the singularities. 

Definition 4.14. Let M be any smooth AdS manifold. Let S C M be a space-like surface, and let V be a field 
of time-like unit vectors defined along S. It is transverse if 

• V is parallel to the particles at their intersection points with S , 

• for all i£S, the maps v i— > D l v V and v i— > D 7 V V have rank 2. 

It is not essential to suppose that S is space-like, and the weaker topological assumption that S is isotopic 
in M to a space-like surface would be sufficient. The definition is restricted to space-like surface for simplicity. 

Definition 4.15. Let S C M be a surface, and let V be a transverse vector field on S. Let S : S — > G(M) be 
the map sending a point x € S to the time-like geodesic parallel to V at x. We call [i\ := S*mi and [i r :— S*m r . 

Notice that the field V can be regarded as a map S — > T ljt M, and we have /i/ = V*(M{) and \i r = V*(M r ). 
In particular we easily see that 

fH (v,v) = \\D l v V\\ 2 , Mv,v) = \\D r v V\f . 

So the metrics fii and [i r are not degenerate. 

If t;, T r : T xt M — > T^gM = H 2 are the maps obtained by parallel transport for D l and D r on the universal 
covering, as in Lemma 14.121 we have that the developing map of /i/ is the map devi(x) = ti(V(x)) where V is 
the lift of V on S C M. Analogously dev r (x) = T r (V(x)) is a developing map for fi r . 

Now consider the case where M contains some particles, and denote by M reg the smooth part of M. Let S be 
a space-like surface meeting the particles orthogonally and let V be a transverse vector field on S reg = M reg nS. 
The field V defines two hyperbolic metrics \ii and fi r on S reg with holonomy hi and h r respectively. However in 
general the behavior of the metrics around the particles can be very degenerate. We say that V is a transverse 
vector field on S if it satisfies the following conditions, which ensure that /ii and fj, r are hyperbolic metrics with 
cone singularities around the particles. 

Definition 4.16. Let T be a particle in M and p be the intersection point of T with S. We consider a 
neighborhood W of p that is obtained by glueing a wedge W C AdS3 of angle 9 as explained in |BBS1Q[ 3.7.1]. 
The intersection A = S Pi W corresponds to a surface A on W , with p corresponding to a point p on A. The 
surface S is smooth around p if A can be extended to a smooth surface in a neighborhood of p. 
The vector field V is transverse around a particle T if the following conditions are satisfied: 

• V extends to a unit vector field in p tangent to T. 

• The induced vector field V on W extends to a smooth vector field in a neighborhood ofW in AdS^, 

• The rank of D L V and D r V at p is 2. 

First let us exhibit a large class of vector fields that satisfy the conditions of this definition 

Lemma 4.17. If the cone angle around the particle is 8 £ (0,2tt),8 ^ tt and S is a smooth surface orthogonal 
to the particle, its unit normal vector field satisfies the conditions of Definition ^. lS\ at p. 

Proof. The first two conditions are easily verified. Let us check the third condition. 
Using the fact that V is the pull-back of a vector field on W, at p we have that 

V R{v) V = RV V V , 

where R : TpAdSj, — > TpAdS^ is the rotation of angle 9 with axis the line tangent to T, and v is a vector 
orthogonal to T and tangent to the boundary of W. If 9 ^ it this implies that VV(p) = XI + /iJ where J is the 
rotation of tt/2 around the line tangent to T. 

On the other hand, if V is the normal field of S, we have that VV" is a self-adjoint operator on TS. Thus we 
have that the skew-symmetric part of VV must vanishes at p. It follows that VV(p) = XI. 

In particular, since the transformation v <— > V(p) x v coincides with J, we deduce that 

D l V(p) = XI + J , D r V(p) = XI-J, 
and the third condition in the definition follows. □ 

Remark 4.18. When the cone angle is tt, the same conclusion follows provided that S is convex around the 
particle. 
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Proposition 4.19. Let M be a space-time with particles and S be a closed smooth surface orthogonal to the 
particles. If V is a transverse field on S, then /z/ and \x r are hyperbolic metrics with cone singularity. Moreover 
if p is the intersection point of S with a particle of angle 9, then p is a cone point for both /z/ and fi r of the 
same angle. 

Proof. The metrics fxi and [i r are defined on the smooth part S reg = S D M reg and are hyperbolic by Lemma 

EH 

Since V is smooth at any particle, it is easy to check that D l V and D r V are uniformly bounded operators 
of TS reg . This implies that /i. is bi-Lipschitz to the first fundamental form. In particular the completion of 
(S reg , A 4 *) is canonically identified with S. 

Let p be the intersection point of S with a particle. A neigbhorhood W of p in M is obtained by glueing the 
boundary of a wedge W of angle 9 in AdS%. Let A = S fl W and A the corresponding surface in W. 

By hypothesis, A is a sector of a smooth surface S around p in AdS% orthogonal to the edge of W, and V 
can be extended to a smooth vector field on E. 

In particular the metrics ft, on A extend to smooth hyperbolic metrics on E and (A,/x.) is obtained by 
gluing the boundary of (A, fi m ) by a rotation around p. 

Let us consider in TpAdS^ the sector P of vectors tangent to curves contained in A. It is clearly a sector 
of angle 9 for the AdS metric. If we show that P is a sector of angle 9 also for /i., then the result will easily 
follows. 

Notice that if 9 = tt, then P is a half-plane, so the angle is it for any metric. If 6 ^ 7T, as in Lemma T4.171 
we have that D.V is a conformal transformation at p. Since •) = {D\V, D[V) we see that the angle of P 
with respect to y,\ is still 9 (and analogously for ^i r ). □ 

Note. The reason this paper is limited to manifolds with massive particles — rather than more generally with 
interacting singularities as in [BBS10) — is that we do not at the moment have good analogs of those surfaces 
with transverse vector fields when other singularities, e.g. tachyons, are present. 

4.4. A special case: good surfaces. The previous construction admits a simple special case, when the 
time-like vector field is orthogonal to the surface (which then has to be space-like) . 

Definition 4.20. Let M be an AdS manifold with interacting particles. Let S be a smooth space-like surface. 
S is a good surface if: 

• it does not contain any interaction point, 

• it is orthogonal to the particles, 

• the curvature of the induced metric is negative, 

• the intersections of S with the particles of angle it are locally convex. 

Note that, given a good surface S, one can consider the equidistant surfaces S r at distance r on both side. 
For r small enough (for instance, if S has principal curvature at most 1, when r G (— 7r/4, 7r/4)), S r is a smooth 
surface, and it is also good. So from one good surface one gets a foliation of a neighborhood by good surfaces. 

The key property of good surfaces is that their unit normal vector field is a transverse vector field, according 
to the definition given above. This simplifies the picture since the left and right metrics are defined only in 
terms of the surface, without reference to a vector field. However the construction of a good surface seems to 
be quite delicate in some cases, so that working with a more general surface along with a transverse vector field 
is simpler. 

Lemma 4.21. Let S be a good surface, let u be the unit normal vector field on S, then u is a transverse vector 
field. 

Proof. Let x G S and let v G T X S. By definition, 

D v u = V v u + u x v = —Bv + Jv , 

D r v u — V v u — u x v = —Bv — Jv , 

where B is the shape operator of S ad J is the complex structure of the induced metric on S. If S is a good 
surface then its induced metric has curvature K < 0. But det(— B ± J) = det(-B) + 1 = —K, so that D l v u and 
D r v u never vanish for v 0. This means precisely that u is a transverse vector field. □ 
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Figure 1. A simple example with no transverse vector field. 

Example. Let sq be a space- like segment in AdS^, of length I > 0. Let do, d\ be disjoint time-like lines containing 
the endpoints of so and orthogonal to sq, chosen so that the angle between the (time- like) plane Pq containing 
so, do and the (time- like) plane Pi containing so and d\ is equal to some 9 £ R. Let Wo (resp. W\) be wedges 
with axis do (resp. di) not intersecting so or di (resp do) (see Figure [T]). 

Let Mg be the space obtained from AdSs\ WoUWi by gluing isometrically the two half-planes in the boundary 
of Wq (resp. W\), and let M ex := Mg for 9 = 1. We will see that M ex does not contain any good surface, or 
even any surface with a transverse vector field. 

Let Xo be the end-point of Sq contained in lg. Let us identify 500(2, 1) with the isometry group of T Xa AdS 3 . 
By definition the holonomy go of a loop of M around do is a rotation of axis do- So (go)i = (go)r are elliptic 
transformations with fixed point the vector vq tangent to Iq 

On the other hand, (gi)i and (gi) r are elliptic transformations with fixed point the vectors ti{v\) and r r (vi) 
respectively, where v\ is the direction tangent to d\ at the end-point p\ £ d\ D sq. Now if v\ is the V-parallel 
field on so extending V\ on so and w is the unit vector field tangent to so and pointing to po we have by our 
assumption 

v = cosh(6>)«i(po) ± sinh(9)w x vi(po) 

(where the sign ± depends on the way d\ is turned with respect to do). 

On the other hand, the D l and £> r -parallel extensions of v\ along so are respectively 

Ti(v\){p) = cosh(s)-Di(p) + sinh(s)u) x v\(p) , Ti(v\){p) = cosh(s)5i(p) + sinh(s)w x v\{p) 

where s is the distance on so between p and p± . 

In particular, assuming 9 = 1, either ti(v\) or T r (v\) coincides with vq. This implies that either the left or 
the right holonomy is an elementary representation, so it cannot be the holonomy of a hyperbolic disk with two 
cone singularities. 

Notice that if 9 < I, Mg does contain a space-like surface with a transverse vector field (we leave the con- 
struction to the interested reader) but with a left hyperbolic metric, say fJ>i(9), which has two cone singularities 
which "collide" as 8 I. (This can be seen easily by taking a surface which contains so-) If M ex admitted a 
surface with a transverse vector field, it could have only one cone singularity (as it is seen by considering the 
limit Mg — > M ex ), this is impossible. 

Note that M ex is obviously not globally hyperbolic, and it contains no closed space-like surface, it was chosen 
for its simplicity. 

4.5. Changing the transverse vector field and the space-like slice. In this section we will consider the 
same framework as in the previous section. In particular we fix an AdS manifold M with particles, a closed 
space-like surface in M and a transverse vector field V on S. We will investigate how the metrics \i, change 
when deforming the surface S and the vector field. The first basic result is that the class of isotopy of /i, is 
independent of S and V. More precisely, if S and S' are two different surfaces in M we will prove that there 
exists isometries <f> m : (S,(i») — > (S' , ^i' m ) such that the induced map (f>* '■ ^i(S) — ¥ tti(S') makes the following 
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diagram commutative (up to conjugation) 



» 7Ti(M) 





TTl(S') 



> 7Tl(M) 



Notice that the commutativity of the diagram determines the isotopy class of <j). More geometrically <f> is isotopic 
to any map S — > S' obtained by following the flow of any timedike field tangent to the particles. 

Lemma 4.22. Given S, fii and fi r do not depend (up to isotopy) on the choice of the transverse vector field 
V. Moreover, \ii and fi r do not change (again up to isotopy) if S is replaced by another surfaces isotopic to it. 

The proof uses a basic statement on hyperbolic surfaces with cone singularities. Although this result might 
be well known, we provide a proof for completeness. 

Lemma 4.23. A closed hyperbolic surface with cone singularities of angle less than 2ir is uniquely determined 
by its holonomy. 

Let S be a closed surface with marked points x\,--- ,x n , let 9\,--- ,9 n G (0, 2n), and let /io,/xi be two 
hyperbolic metric on S with cone singularities of angles 9i (resp. 6^) on the Xi, 1 < i < n. We suppose that /io 
and [i\ have the same holonomy, and will prove that /io is isotopic to 

The holonomy of a short curve around a singular point X{ is a rotation of angle the cone angle at X{ . Since 
/j,o and /ii have the same holonomy at Xi, we see already that 9i = 9[ for all 1 < i < n. 

A basic point on metrics with cone singularity with angle less than 2ir is that any two cone points are 
connected by a minimizing geodesic which does not pass through any other cone singularity. Given a curve 70 
between two singular points Xi and Xj, there is a unique curve 71 between Xi and Xj which can be deformed 
to 70 in the complement of the Xk, and which has minimal length among all such curves. However 71 can go 
through some of the Xk- 

As a direct consequence we get that S admits a geodesic triangulation. 

Sublemma 4.24. There exists a triangulation Tq of S with vertices equal to the Xi, with as edges segments 
which are geodesic for fi . 

Proof. A simple consequence of the existence of a geodesic between any two singular points (possibly going 
through other singularities) is that there is a graph T embedded in S with vertices Xi having edges segments 
with are geodesic for /x . 

Cutting S along T, we get a surface S with piecewise geodesic boundary such that the total angle at any 
vertex of the boundary is in (0, 2tt). Any loop c in S centered at some vertex of dS can be deformed to a 
a geodesic curve (that may possibly contain some segment of the boundary). In particular, cutting S along 
geodesic curves which are not isotopic to the boundary, we eventually get a decomposition of S in hyperbolic 
disks Di, . . . , D n which have piecewise geodesic boundary, such that vertices of dDi correspond to cone points 



To conclude the proof it is sufficient to show that each Di admits a geodesic triangulation with vertices 
corresponding to the vertices of its boundary. We use an inductive argument on the number of vertices of dDi. 

Take any vertex p of Di and consider the set A of end-points of maximal geodesic segments embedded in Di 
starting at p. By maximality, A is a subset of dDi. We distinguish two cases. First we suppose that A contains 
a vertex q of dDi which is not adjacent to p. In this case, cutting Di along the maximal segment joining p to q, 
we decompose Di into 2 disks with less vertices. In the other case, any segment starting from p and contained 
in the interior of Di must meet a single edge of Di. This means that there exists a geodesic triangle in Di with 
a vertex at p whose edges contains the edges of dDi adjacent to p. In this case there is a segment in the interior 
of Di joining the vertices adjacent to p. Thus we can cut Di into a triangle T 1 contained in T and another disk 
D' with less vertices. □ 

Note that the argument given in the previous proof for the existence of a triangulation could be replaced by 
another argument, based on Voronoi diagrams, which is somewhat simpler in the setting considered here. The 
reason why we favored the slightly more involved argument used here is that we will repeat the same argument 
below in the slightly differen setting of surfaces with (convex) boundary. The type of argument used here works 
directly for surfaces with boundary, while the argument based on Voronoi diagrams is less directly applicable 
there. 



of S. 
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Proof of Lemma \4-23\ We define a 3-disk in 5 as a disk in S containing no marked point in its interior and 
exactly three marked points in its boundary. Those disks are considered up to homotopy of S hxing the marked 
points X4. Let D be such a disk, containing in its boundary the marked points Xi,Xj,Xk- Considering the 
restriction to D of the developing map of the regular part of (S,/j,q) we associate to Xi,Xj and Xk a triple 
(x'^x'px'^.) of points in H 2 , defined up to global isometry of H 2 , as well as a disk D' containing x'^x'j and x' k in 
its boundary (D' is defined up to homotopy in H 2 fixing x\,x'j and x' k ). 

Notice that D' and (x[, x'j, x' k ) are uniquely determined by the holonomy of /io only, because the holonomy 
determines the distance between x\ and x'j (through the trace of the holonomy of the boundary of a small 
neighborhood of the segment of dD between X4 and Xj) and similarly for x'j and x' k and for x' k and x\. 

We say that the 4-tuplc (D 1 , x\, x'j, x' k ) is realizable if D' can be deformed to a triangle (with geodesic 
boundary) with vertices x^x'j and x' k , without displacing x[,x'j and x' k . Clearly if (xi, Xj, Xk) are the vertices 
of a triangle D of a geodesic triangulation T of (S, Ho), then (D' , x l i , x'j,x' k ) is realizable. But conversely, if, for 
any face D of a triangulation T with vertices Xi,Xj and Xk, (D' , x[, x'j, x' k ) is realizable, then considering the 
developing map of the metric shows that T can be realized as a geodesic triangulation. 

Since the condition for a 3-disk to be realizable depends only on the holonomy, the geodesic triangulation 
To of (S, fio) constructed in Sublemma 14.241 also corresponds to a geodesic triangulation of (S,ni). Moreover 
the length of the edges is the same for the two metrics, because we have seen that the length of an edge is 
determined by the holonomy. So fi± is isotopic to /iq. □ 

Proof of Lemma \4-2/2\ For the first point consider another transverse vector field V on S, and let fi[, fi' r be the 
hyperbolic metrics defined on S by the choice of V as a transverse vector field. Let 7 be a closed curve on the 
complement of the singular points in S. The holonomy of /ij (resp. fi' r ) on 7 is equal to the holonomy of D l 
(resp. D r ) acting on the hyperbolic plane, identified with the space of oriented time-like unit vectors at a point 
of S. So fj,i and (resp. [i r and /j,' r ) have the same holonomy, so that they are isotopic by Lemma 14.231 

The same argument can be used to prove the second part of the lemma. Let 71 be a closed curve on Si which 
does not intersect the singular set of M, and let 72 be a closed curve on S2 which is isotopic to 71 in the regular 
set of M. The holonomy of M on 71, h(ji), is equal to the holonomy of M on 72, ^(72)- But h = (hi, h r ) by 
Lemma 14.81 and hi , h r are the holonomy representations of the left and right hyperbolic metrics on S\ and on 
S2 by Lemma 14.81 Therefore, (S\,ni) has the same holonomy of (S^jfJ-i), and (Si,/j, r ) has the same holonomy 
as (iS2,/-t r ). The result therefore follows by Lemma T4. 231 □ 

Note that a weaker version of this proposition is proved as [KS071 Lemma 5.16] by a different argument. 
The notations Hi , fi r used here are the same as in [BS09] , while the same metrics appeared in )KS07] under the 
notations I±. Those metrics already appeared, although implicitly only, in Mess' paper |Mes07| . There one 
considers globally hyperbolic AdS manifolds, which are the quotient of a maximal convex subset Q of AdS^ by 
a surface group T acting by isometries on O. The identification of Isomo.+ with PSL(2,M) x PSL(2,WL) then 
determines two representations of F in PSL(2, M), and it is proved in |Mes07] that those representations have 
maximal Euler number, so that they define hyperbolic metrics. It is proved in [KS07] that those two hyperbolic 
metrics correspond precisely to the left and right metrics considered here. 

Remark 4.25. In general the isometries <j>i : (S,/j,i) — > (S",/j,J) and <f> r : (S,fj, r ) — > (S',n' r ) are different. This 
implies that the pair (pi, /i r ) is not uniquely determined up to isotopy (acting on both the factors). 

In the remaining part of this section we will show that any transverse vector field V on S can be extended 
to a unit vector field on a neighborhood f2 of S such that 

• it is tangent to the particle, 

• it is transverse on any space-like surface S' contained in f2, 

• the map <p '■ S — > S' obtained by following the orbits of V is an isometry for both /z; and [i r . 
In fact there exists e > such that the map 

F : S x (-e, e) 3 (p, t) ^ exp p (tV(p)) G AdS 3 ■ 

is well-defined and it is a diffeomorphism onto some neighborhood f2 of S in AdS^. Notice that if p is the 
intersection point of S with some particle, F(p, t) lies on the particle for every t. Moreover, by the assumption 
on V it is easy to check that F is a diffeomorphism around the particles. 

Clearly the map F induces on fl a foliation by time-like geodesies parallel to V, so we can consider the 
induced map 

5 : ft -> G(M) 
and the bilinear forms /t; = 6* (mi), fi r — 5*(m r ). 
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Since 8(F(p,t)) — 5(j>), where 5 : S — > G(M) is the map defined in Definition 14.151 we have that F*(p,,) = 
7Tg(/i.) where its : S x (— e, e) — > S is the projection. 

In particular, jl, is non-degenerate on every plane that is not tangent to V. If S' is any space-like surface, V 
is transverse to it and we have that the induced metrics fjf, — fim\s'- Finally, the map S' — > S sending q G S' to 
the intersection point of the geodesic leaf through q with S turns out to be an isometry for both f^, fii and f/ r 
and (Lt r . 

4.6. Left and right metrics on the future of a collision point. We consider now the case where S is a 
space-like surface with a transverse vector field in a AdS spacetime which contains a unique collision point p. 
Without loss of generality we suppose p in the past of S. Clearly I + {p) D S is a disk D with k points where k 
is the number of particles starting from p. 

Definition 4.26. A connected open subset U of a hyperbolic surface S is convex if any path c contained in U 
can be deformed to a geodesic path in U keeping the endpoints of c fixed. 

The goal of this section is to prove the following proposition 

Proposition 4.27. There are convex disks Di, D r isotopic to D in S such that (Di, fii) is isometric to (D r , fi r ). 

(Let us stress that here the isotopies are supposed to not displacing the cone points.) The proof is based 
on the same triangulation argument as Lemma 14.231 The main difference is that in this case Di and D r has 
boundary, so we need to show them carefully: the key point in the proof of Lemma 14.231 is that pairs of points 
are joint by a minimizing geodesic. So in order to apply the same argument we need a convexity of Di and D r . 

Proof. Take a sequence D n of disks isotopic to D such that the /xj-length of dD n converges to the infimum of 
the /^-lengths of boundary curves of disks isotopic to D. 

dD n converges to a ^-geodesic graph T with vertices at cone points of D. In fact, locally around each point 
x of F we see two regions VL\ and £12 in S \ T. By the minimizing property we easily see that if fli is in the limit 
of S \ D n , then the angle contained in fli with vertex at x is bigger than tt. Since singularities are supposed to 
have angles in (0, 27r) we easily see that one of the following possibilities occurs: 

• D contains only one cone point, and T coincides with it. 

• D contains exactly two cone points and T is a segment with vertices at cone points. 

• D contains more than 2 cone points and T is a circle bounding a convex disk D[ such that the regular 
neighborhoods of D[ are isotopic to D. 

In the first two cases the proposition easily follows. In the third case, we can construct a /i;-geodesic 
triangulation of D[ as in Proposition ^. 231 The shape of this triangulation just depend on the holonomy of the 
disk, and this implies that each triangle of this triangulation can be deformed to a /i r -triangle. 

This implies that there exists an isometric embedding (D' ly fii) — > (S,fi r ) which is isotopic to the inclusion 
Di — > S. Thickening a bit D[ we get a convex disk Di isotopic to D such that (D',,[ii) admits an isometric 
embedding (isotopic to the identity) into (S,fi r ). □ 

Remark 4.28. In general the intersection of two convex disks is not connected. On the other hand, the proof 
of Proposition 14.271 shows that any convex disk isotopic to D must contain D'. This implies that if D\, D2 are 
convex disks isotopic to D, then D\ n D2 contains a convex disk isotopic to D. 

Example. If only two particles, p\ and P2, collide, the corresponding cone points are at the same distance in the 
left and right hyperbolic metric of fi; more precisely, there are two segments of the same length, one in the left 
and one in the right hyperbolic metric of f2, joining the cone points corresponding to pi and to p2- Moreover 
the length of those segments is equal to the "angle" between pi and P2 at c, i.e., to the distance between the 
corresponding points in the link of c. 

5. Surgeries at collisions 

We now wish to understand how the left and right hyperbolic metrics change when a collision occurs. 

5.1. Good spacial slices. The first step in understanding AdS manifolds with colliding particles is to define 
more easily understandable pieces. 

Definition 5.1. Let M be an AdS manifold with colliding particles. A spacial slice in M is a subset Q such 
that 

• there exists a closed surfaces S with marked points x\, ■ ■ ■ ,x n and a homeomorphism cp : S x [0, 1] — > 

• 4> sends {x\, ■ ■ ■ , x n } x [0, 1] to the singular set of Q, 
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• <p(S x {0}) and </>(S x {1}) are space-like surfaces, 
is a good spacial slice if in addition 

• it contains a space-like surface with a transverse vector field. 

It is useful to note that Lemma 14.221 along with its proof, applies also to surfaces with boundary, with a 
transverse vector field, embedded in a good spacial slice. Such surfaces determine the holonomy of the restriction 
of the left and right metrics to surfaces with boundary, as explained in the following remark. The proof is a 
direct consequence of the arguments used in Section |4j and more specifically in the proof of Lemma 14.221 

Remark 5.2. Let fl be a good spacial slice, let D C £1 be a space-like surface with boundary, and let u' be a 
transverse vector field on D. Then u' determines a left and a right hyperbolic metric, \x\, [t! r on D, as for closed 
surfaces above. Moreover for any closed curve 7 contained in D, the holonomies of fii and [t! r on 7 are equal 
respectively to the left and right parts of the holonomy of 7 in M . 

5.2. Surgeries on the left and right metrics. In this section we consider in details how the left and right 
metrics change when a collision occurs. The first step is to define some simple notions of surgery on hyperbolic 
surfaces with cone singularities, and on pairs of such surfaces. We will later prove that those surgeries are 
exactly those that can happen on the left and right metrics of spacial slices of an AdS manifold with particles 
when a collision occurs. 

5.2.1. Surgery on hyperbolic surfaces. The basic building block of the surgeries considered here is a simple 
operation where one replaces a disk, in a hyperbolic surface with cone singularities, by another disk with only 
one singularity. 

Definition 5.3. Let S_ and So be two hyperbolic cone- surfaces, and let D_ C S_ be homeomorphic to an open 
disk. We say that So is obtained from S- by collapsing £>_ if 

• there exists an isometric embedding i : S— \ D— — > So . 

• So \ i(D-) is homeomorphic to an open disk and contains exactly one cone singularity so, of angle 
9 G (0,2tt). 

We call so the collapsed singularity of So- 

Note that the geometry of the disk by which i(-D-) is replaced depends only on the geometry of £)_. In 
other terms, there is a hyperbolic disk -Do,- with exactly one cone singularity, depending only on Z3_, and an 
isometric embedding j'_ : -Do,- — > So such that Sq \ j(Z?o.-) = S_ \ D-. 

We now introduce the surgery on pairs of hyperbolic cone-surfaces, which corresponds — as will be seen below 
— to what occurs to the left and right hyperbolic metrics of an AdS manifold with particles when a particle 
collision occurs. The basic idea is that a disk surgery is done on both S_ and S*L, collapsing the same disk 
D— (up to isometry of course) and yielding the same disk D + (again up to isometry) . However an additional 
condition is necessary, stating that the "relative position" of D- and D + is the same on the left and on the 
right side. 

We consider a surface S with a couple of hyperbolic cone metrics \i\ , fi r and we suppose that (up to isotopy) 
they coincide in a neighborhood of a singular convex disk D. Moreover we will suppose that the holonomy of 
dD (for both and /i r ) is elliptic of angle G (0, 2ir) and that a collar neighborhood of dD admits an isometric 
embedding (for both \ii and \x T ) i : dD — » He, where He is the model of the singularity of angle 0. The image 
of those embeddings bound a disk Do in He containing the singular point. We consider now the surface Sq 
obtained by cutting from S the disk D and pasting the disk Do using i as glueing map. Notice that the metric 
[ii and fi r glues to the metric [i of Do, yielding two singular metrics which coincide on a disk D. 

Definition 5.4. We say that the triple (So, $ , (i®) * s obtained by (S,ixi,[i r ) by collapsing D-. 

Changing fii, [i r by two different isotopies (but requiring that they coincide on some disk D' isotopic to D), 
we get another collapsed surface Sq, /i| . Clearly there are natural isometrics 

; : (S 0| M?) -> (S , /O A : (S , M°) -> (S' , /O ■ 
Though those isometries are in general different, the following lemma establishes that when D contains at 
least two cone points, <pi and <j) r coincide in a neighborhood of the collapsed singularity. 

Lemma 5.5. If D contains at least two singular points, then (f>i and (f) r coincide in a neighborhood of the 
collapsed singularity of So ■ 

Notice that if D contains only a singular point, then the statement is false. In fact, the proof of Lemma 15751 
is based on the following simple fact which clearly depends on the fact that D contains at least two cone points 
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Figure 2. An example of two pairs of surfaces which satisfy all conditions but (3) in the 
definition of double surgery. 

Sublemma 5.6. If D is a convex disk in a hyperbolic surface S with at least two cone singularities and if 
a : D — > S is an isometric immersion isotopic to the identity, then a is the identity. 

Proof of Sublemma \5.6i Let pi, pi cone points of D. The map a fixes the two cone points, so it fixes any 
geodesic arc which joins p\ to pi and this easily implies that it fixes every point. □ 

Proof of Lemma \5.5\ Assuming D' C D and \i\ = fi[, pL r = fj,' r , the statement is clearly true. 

Similarly, the statement is true also assuming there exists a diffeomorphism u of S isotopic to the identity 
such that /ij = u*(jj,i), fi' r = u*(m) and D' = u~ l (D). 

So it is sufficient to consider the case where fi[ = fn, /j,' r = it*(// r ) for some diffeomorphism u isotopic to the 
identity. 

Notice that in this case the disk u(D') is /i r -convex. In particular there is a ^-convex disk A contained in 
D n u(D') and isotopic to D. Notice that /x r = fii on A, so this disk is also /i;-convex. The restriction of u^ 1 
to A is an isometric embedding of (A, /i; = /i r ) — > (£)', /i; = fi' r ) C (S, jsi). By Sublemma I5.6l u| a = Id. 

Now, let (5*0, fii, fi r ) be the surface obtained by collapsing A on (S,fii,fJ, r ) and let (S' , fii, jX r ) be the surface 
obtained by collapsing A on (S, ^i' r ). Notice that the isometries (f>i,(f) r : S' —> So extend respectively the 
identity and u on S" = S\A. So they coincide on dA and this shows that they coincide on the disk Aq = §o\S". 

On the other hand, the isometries ipi,ipr ■ So ~ * So coincide in a neighborhood of the collapsed point (because 
Acfl) and similarly do the isometries ipi-i^r '■ S'a ~* S'o 

The statement follows since (f>i = (V'O" 1 ° ( t>i°' l l } i an d 4>r = {i>' r ) 1 ° <4>r 4>r- D 

Definition 5.7. Let S- and S*+ be two surfaces, let fj,f be hyperbolic cone metrics on 5_ sharing the 
same singular locus cr_ and let be hyperbolic cone metrics on S+ with singular locus o~+. We say that 

(S+, [if, fi^) is obtained from (S-, , fJ,^) by a double surgery if up to changing those metrics in their isotopy 
classes, the following conditions are satisfied: 

(1) There are embedded singular disks D- C SL and D + C 5+ such that [if and /i+ coincide in a neigh- 
borhood of D + and ^ and fi~ coincide in a neighborhood of D_ . 

(2) The corresponding collapsed surfaces (So, and (So, /t?, /t^) are isometric, that is there are two 
isometries 

fa : (5 ,/x?) -> (So, A?) A : (S ,fX° r ) -> (5 ,A°) . 

(3) (f>i and f> r are homotopic maps and coincides in a neighborhood of the collapsed points. 

The disks D- and D + are called the surgery disks, whereas the homotopy class of f>i and f> r is called the 
identification map. 

Heuristically, the fact that (S+, frf, fi£) and fi~) are related by a double surgery means that there 

is a surface So,Hi,^ r and two singular disks D_ and D + such that <S+ is obtained by replacing a disk in So 
containing a cone point by D + and S— is obtained by replacing another disk containing the same cone point 
by D_. It is tempting to simplify this definition, and to replace directly Z?_ by D + without going through the 
intermediate step of So with only one singularity instead of either D_ or D + . It appears however that it is 
not always possible to do this direct surgery — an example is described in Appendix [A] of a situation where a 
double surgery as defined here cannot be replaced by a simple surgery where one topological disk is replaced by 
another. Theorem 16.11 shows that the relevant notion when considering collisions of particles in AdS spacetimes 
is that of double surgery, rather than the simpler notion of simple surgery on both the left and right metrics. 
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Remark 5.8. Condition (3) in the above definition needs some explanation. Notice that since $ coincides with 
(i® in a neighborhood of the collapsed point of So, and (i® coincides wih fi® in a neighborhood of the collapsed 
point of Sq we have that in general (^ x <f>i is an isometry in a neighborhood of the collapsed point, that is, there 
is a number 9 such that <j)^ 1 (t>i is a rotation of angle 9. We require that 9 = 0. In the simple case where only 
one surgery is sufficient, this condition means that the same surgery transforms fi^~ into and \i~ into fxf. 

The following example shows a case where condition (3) is not satisfied (see Figure 0). Take a surface (S,\i) 
with two cone points such that the holonomy around the cone points is elliptic and there is a constant curvature 
circle c which bounds a disk D containing the cone points. Now take S- = S, , fj,~ = fj,, S+ = S and nf = //. 
Finally define /i+ by twisting the disk D of angle 6q (this is possible since 3D has constant curvature). More 
formally, the metric /i+ is constructed as follows: let r : S \ D — > S \ D be the identity outside a collar of 3D 
and a rotation of angle 9 on 3D. Then, = t*(/i) on S\D and on D. 

In this case, if So is the surface obtained from S_ by replacing D by a disk _D# with only one cone point of 
angle 9o, and Sq is the surface obtained by replacing D by Dg , then <f>i is the identity map, whereas <p r is r 
outside S \ D and is a rotation of angle 9 on D. 

Note however that if D + (or Z?_ ) contains only one cone singularity, then condition (3) is always satisfied. 

5.2.2. Setting and main statement. We now consider a more precise setting. Let be an AdS manifold with 
interacting particles, containing exactly one collision point p, which we suppose has positive mass. Suppose that 
p is the future endpoint of n particles s±, ■ ■ ■ , s n and the past endpoint of m particles s[, ■ ■ ■ , s' m . Let 6x, ■ ■ ■ ,9 n 
be the cone singularities at the s,, and let 9[, ■ ■ ■ ,9' m be the cone singularities at the s'j. 
Suppose that Q is the union of two good space-like slices and f2_|_, such that: 

• they have disjoint interior, 

• the future boundary of f2_ is equal to the past boundary of + , 

• 17_ contains s%, ■ ■ ■ , s n and f2 + contains s[, • • • , s' m . 

We call S- a space-like surface in with a transverse vector field U-, and S+ a space-like surface in 57+ with 
a transverse vector field u + . Let fif 1 , ^ be the left and right hyperbolic metrics defined on S± by 

Proposition 5.9. Under those conditions, the triple (S+, fit , fJ^) is obtained from the triple (SL, , fi~) by 
a double surgery. 

The surgery disks are in the isotopy class of D + = J + (p)nS+ and D- = I~ (p)C\S- , respectively, whereas the 
identification maps are in the isotopy class of the map S+ \ D + S_ \ D_ obtained by following any timelike 
flow sending 3D + to 3D- . 

Proof. By Proposition ^. 27l up to changing fiT and [i£ by an isotopy, we may suppose that they coincide around 
a disk D + containing the singular points p t = Si n S+ . Analogously we may suppose that fj,f and \x~ coincide 
on a disk D_ which contains the singular points p\ = s^D S_ . 

By the positivity of the mass of the collision point, the holonomy of 3D + for p+ is elliptic of angle 9o € (0, 2tt). 
In particular there is an embedding of a neighborhood of 3D + into the model space Hg of the cone angle Qq. 

So we can consider the surface (So,/x°,/x°) obtained by collapsing D + on (S+, f^i , Mr)- Analogously let 
(So, ffi be the surface obtained by collapsing Z3_ on (S-, /^~~, [i~ ). 

Let us regard the fundamental group as the set of covering transformations on the universal cover. In 
particular, any lifting on the universal covering of the inclusions 

(S- \ DJ) -»■ S_ -)• M (S+ \ D+) -> S+ -> M 

determines inclusions 7Ti(S_ \ D_) -)• tti(S_) -> 7Ti(M) and 7Ti(S+ \ D+) tti(S+) -)• tti(M). 
Since S_ \ Z?_ and S + \ Z3+ are isotopic in M, we may fix those liftings 

(S7\D_) -+S_^M (S^\D+) -^S+^M 

so that 7Ti(S_ \ Z3_) is identified to 7Ti(S+ \ D+) as subgroups of ir±(M). 

Finally since the inclusions S_ \ Z?_ — > So and S+ \ Z?+ — > So are homotopy equivalence, we may fix 
identifications between 7Ti(S_ \ DJ) and 7Ti(So) and n 1 (S + \ D + ) and tti(So)- Notice that those identifications 
are unique up to conjugation and the choice of concrete ones is equivalent to choosing liftings S+ \ D + — > So 

and S_ \ Z?_ — > Sj of the natural inclusions. 

Notice that through these identifications, the holonomies of fi®, /j,® coincide with the holonomies of /t°, /t°, so, 
by Proposition 14. 231 there exist isometries 

; : (So, A?) -> (So, M?) 0r : (S , A°) (So, M°) 
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Figure 3. Two different interaction possibilities 
which admit liftings to the universal covering <pi , <p r : Sq — > Sq which act trivially on the fundamental groups 

4>l O 7 ° =^070 (0r) _1 = 7 - 

where we are using the identification tti(Sq) — tti(Sq) fixed above. 

Notice that </>/ and </> r are isotopic, since they induce the same map on the fundamental groups. 

In order to prove condition (3) in Definition 15.71 we also fix liftings D + — > S+ and £>_ — > 5_, so that 

D + (1 S + \ D + and Z)_ n 5_ \ D- are the images of liftings c+ and c_ of dD + and dD_, respectively. We may 
moreover suppose that the stabilizers of c + and c_ in 7Ti(M) are the same Z-subgroup generated by 70. 
We fix developing maps 

dev' + : 0§+,/i+) -> H 2 

so that they coincides on D + . Notice that the restriction of dev^_ on 5+ \ D+ extends to a developing map 
dev* : S — > H 2 . 

Clearly, dev := cieuj o 0. is a developing map for p,®. 

Finally let dev l _, dev r _ be the developing maps of fj,*_ which coincide with dev Q on S- \ D-. Notice that on c_ 
the holonomy representations of the maps dev l _ and dev r _ differ exactly by the rotation R £ PSL(2,M.) which 
corresponds to r 0; _1 around the cone point. In particular, if 7 6 7Ti(D_) we have 

h r (~/) = RhiWR- 1 . 

Notice that 7Ti(Q) is the amalgamated product of 7ri(S+) and iri(S-) with the identification of tvi(S+ \ D+) 
and 7Ti(5_ \ D-) described above. 

The holonomies of the developing maps dev^_ glue to a pair of representations 

{h h h r ) :7n(fi) -> F5i 2 (M) 2 

which coincide with the holonomy representation of J7. 

If E is the link around the collision point, then 7Ti(£) is the amalgamated product of tti(D_) and 7Ti (£)+). 
If 7 G tti(D + ) then /i r (7) = ^(7), whereas if 7 £ 7Ti(_D_) then h r (j) = Rhi^R' 1 . 

Imposing that the restrictions of the representations hi and h r on 7Ti(E) are the same, we obtain that 
R = Id. □ 

Remark 5.10. Let us consider the examples in Figure [3] In the example on the left, Proposition 15.91 indicates 
that the left and right metrics on the surface below and the left and right metrics on the surface above are 
related by a double surgery 

In the example on the right, this is no longer true. On the other hand, conditions (1) and (2) in the definition 
of double surgery are still valid. The same argument used in the proof of Proposition 15 .91 shows that in this case 
the map 4>i o is a rotation about the collapsed point of angle equal to the distance between the collision 
points. 

5.3. Transverse vector fields after a collision. It might be interesting to remark that the description made 
in Proposition 15 .91 of the surgery on the left and right hyperbolic metrics corresponding to a collision only holds 
- and actually only makes sense - if there is a space-like surface with a transverse vector field both before and 
after the collision. However the existence of such a surface before the collision does not ensure the existence of 
one after the collision, even for simple collisions. 
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A simple example of such a phenomenon can be obtained by an extension of the example given in Section 
14.41 of an AdS space with two particles containing no space-like surface with a transverse vector field. Consider 
the space Mg described in that example, with 9 < I, so that Mg contains a space-like surface with a transverse 
vector field. This space has two cone singularities, do and di, each containing one of the endpoints of sq. It is 
now possible to perform on this space a simple surgery as described in [BBS 10, Section 7.1] replacing the part 
of d\ in the past of its intersection with sq by two cone singularities, say di and <i3, intersecting at the endpoint 
of so- This can be done in such a way that the angle between the plane containing sq and d2 and the plane 
containing so and do, is equal to I. The argument given above for M ex then shows that there is no space-like 
surface with a transverse vector field in a spacial slice before the collision. 

5.4. The graph of interactions. The previous section contains a description of the kind of surgery on the left 
and right hyperbolic metrics corresponding to a collision of particles. Here a more global description is sought, 
and we will associate to an AdS manifold with colliding particles a graph describing the relation between the 
different spacial slices. In all this part we fix an AdS manifold with colliding particles, M. 

Let 17, 17' be two spacial slices in M. They are equivalent if each space-like surface in 17 is isotopic to a 
space-like surface in 17'. Note that this clearly defines an equivalence relation on the spacial slices in M. 

Definition 5.11. M is a good AdS manifold with colliding particles if any spacial slice in M is equivalent to 
a good spacial slice. 

Clearly if two good spacial slices are equivalent then their holonomies are the same, so that their left and 
right hyperbolic metrics are isotopic by Proposition 14.231 

Some of the examples constructed by [BBS10, Proposition 7.7] are indeed good AdS manifolds with colliding 
particles. (To obtain one such example, one can construct an AdS manifold with colliding particles by a surgery 
on a Fuchsian space with one particle, replacing a neighborhood of the particle by a tube where two particles 
collide to become two new particles, so that the two particles are almost parallel both before and after the 
collision.) 

Definition 5.12. Let 17_ and 17+ be two spacial slices in M . They are adjacent if the union of the compact 
connected components of the complement of the interior of 17 _ U 17+ in M contains exactly one collision. We 
will say that 17_ is anterior to 17+ if this collision is in the future of 17_ and in the past of 17+. 

Note that this relation is compatible with the equivalence relation on the spacial slices: if 17_ is adjacent to 
17 + and 17'_ (rcsp. 17 , ) is equivalent to 17_ (resp. 17+) then 17'_ is adjacent to 17' + . Moreover if 17_ is anterior 
to 17+ then 17'_ is anterior to 17+. 

Definition 5.13. The graph of spacial slices is the oriented graph associated to a good AdS manifold with 
colliding particles M in the following way. 

• The vertices of G correspond to the equivalence classes of spacial slices in M. 

• Given two vertices v\ , vi of G, there is an edge between v\ and V2 if the corresponding spacial slices are 
adjacent. 

• This edge is oriented from v\ to V2 if the spacial slice corresponding to v\ is anterior to the spacial slice 
corresponding to Vi- 

Remark 5.14. Notice that two different admissible AdS structures in U(g,T,9) may have different graph of 
spacial slices. On the other hand, it is clear that the graphs of spacelike slices of spacetimes in a small 
neighborhood of some fixed space M £ U(g, T, 9) naturally contain the graph of spacelike slices of M. 

Note that, for the constructions that follow and in particular for Theorem l6.ll it would be sufficient to require 
only, rather than Definition 15.111 that there is a path on the graph of spatial slices of M whose vertices are 
equivalent to good slices. 

5.5. The topological and geometric structure added to the graph of interactions. Clearly the graph 
of spacial slice is not in general a tree - there might be several sequences of collisions leading from one spacial 
slice to another one. A simple example is given in Figure HI where the graph of a manifold with colliding 
particles is shown together with a schematic picture of the collisions. 

The graph of spacial slices is clearly not sufficient to recover an AdS manifold with colliding particles, 
additional data are needed. 

Definition 5.15. A topological data associated to an oriented graph is the choice of: 

• For each vertex v, of a closed surface S v with n marked points pi,-- - ,p n , and a n-tuple 9 V = 

A) G (0,27T) n . 
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Figure 4. The graph of spacial slices. 

• For each oriented edge e with vertices e_ and e+, of: 

(1) a homotopy class of disks -D e ,+ C S e+ , where the homotopies are in the complement of the marked 
points pi ( or equivalently they are homotopies of the complements of the pi in S v ), 

(2) a homotopy class of disks D e - C S e _ , where again the homotopies fix the marked points, 

(3) an isotopy class i e of homeomorphisms from S e _ \ D 6) _ to S e+ \ D e + sending the marked points 
to the marked points. 

Definition 5.16. A geometric data associated to an oriented graph endowed with a topological data is the 
choice, for each vertex v, of two hyperbolic metrics ni{v), n r (v) on S v , with a cone singularity of angle 9i atpi, 
so that, for each edge e with endpoints e_ and e+, {S e+ , /i;(e+), fi r (e + )) is obtained from (S e _ , fj>i(e—), // r (e_)) 
by a double surgery with surgery disks D e+ and D e _ respectively, as seen in Definition \5. 7[ 

Given a good AdS space with colliding particles M we can consider its graph of collisions F, there is a natural 
topological and geometric structure associated to M on T. Given a vertex v of the graph of collisions L, it 
corresponds to a good space-like slice S v in M , and we take as S v a space-like surface in S v . The marked points 
correspond to the intersections of S v with the particles in S v . By definition of a good spacial slice, S v admits 
a transverse vector field, so one can define the left and right hyperbolic metrics ni(v) and /i r (v) on S v through 
Definition 14.151 The fact that those two metrics are well defined follows from Lemma 14.221 

Now consider an edge of T, that, is a collision between particles. Let e_ corresponds to the good spacial slice 
17 _ in the past of the collision, and e+ to the good spacial slice 17 + in the future of the collision. It follows from 
Proposition 15.91 that (S e+ , /i;(e+), /i r (e+)) is obtained from (S' e _,/x;(e_),/i r (e_)) by a double surgery 

6. From the geometric data to the structure 

In this section we fix a maximal good AdS spacetime Mo £ U(g,T,8) with collision and we consider the 
corresponding topological data X. Let T>(X) the set of geometric data with topological data X. 
Notice that there is a neighborhood U of Mq £U(g,T,9) such that: 

• The graph of spacial slice of spacetimes in U contains the graph of spacial slices of Mq. 

• The tological data of Mg coincides with the restriction of the topological data of any M G U to the 
graph of M . 

• Every vertex of the graph of M corresponds to a good spacial slice for any structure of U (this because 
the transversality condition is open). 

This defines a map 

GD :U -> V(X) 

sending any structure M S U to the corresponding geometric data. 
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Theorem 6.1. Up to shrinking IA, the map GD is injective and open. 
Proof. We will construct an open and injective map 

H :V(X)^K(g,T,9) 

such that the holonomy map hoi : U(g : T, 9) — > R(g, T, 9) factors as hoi = H o GD. The conclusion of the proof 
will follow from the existence of this map and from Theorem 13.31 

In order to construct the map H we give a description of the fundamental group of M by means of the 
topological data. We fix a path in the graph of Mq, say Wi, . . . , v n , joining the initial vertex to the final vertex, 
and consider the corresponding sequence of good space-like surfaces Si, . . . , S n . 

As in the proof of Proposition 15.91 we may fix lifting of the natural inclusions 

S^\D k ,- S fe , S fe+ 7VD fe ,+ -> S fc+ i, S k -> M 

so that the corresponding inclusions of fundamental groups ~k\ (Sk \ < tt\ (Sk) < tti (M) make the following 

diagram commutative 

7Ti(S fe \£> fei _) -^h 7n(S fe+ i\C fe , + ) 
(4) | 

tti(M) = m(M) 

Notice that when the liftings Si \ D± t - — > Si and Si — > M are chosen, all the other liftings are fixed by the 
commutativity of (jU). 

An inductive argument, based on the Van Kampen theorem, shows that the induced map 

TTl(Sl) * 7Tl(S 2 ) * ... * 7n(S„) -> 7Tl(M) 

in surjective with kernel generated by elements (ieiJ*(7)7 for 7 € 7Ti(Sfc \ Dk,-). 

In particular given a geometric data /1 = (fii(v), fj, r (v)), we may fix the holonomy representations of the left 
and right metrics so that they determine a representation 

H = H(fi) : m(M) -> PSL 2 (R) x PSL 2 (R) . 

More precisely we fix the holonomies of /j,i(vi), /i r («i), say hj,hj., in their conjugacy classes. Then, we can 
fix recursively the holonomies of /if, [1* in their conjugacy classes so that 

^(7) = ^ 1 ((ieJ.(7)) 

for all 7 £ 7Ti(Sfe \ Dk,~). Notice that once hi is fixed, all the other representations are uniquely determined, 
since the holonomy S V \D is not elementary. In particular, though the representation H depends on some choices 
(including the isomorphism between 7Ti(M) and the quotient of the free product of tti(S'j)), its conjugacy class 
is well defined. 

By definition hoi = H o GD. So in order to conclude the proof we need to prove that 

• H is injective; 

• H takes value in lZ(g,T,9) (that is, in the space of admissible representations as in Definition 13. 2| : 

• H is an open map. 

The first point easily follows from Lemma T4. 231 since the representation H (fj,) contains all the holonomies of 
the metrics (J>(vi). 

In order to prove that H(/i) is admissible , we need to check that its restriction to the fundamental group 
of the link of any collision point is conjugated to a diagonal representation. As we will see, this is essentially a 
consequence of property (3) of the definition of double surgery (as in Definition I5.7|) . 

In fact, fix a collision point p and suppose that Sk, Sk+i are the surface separated by p. Fix a lifting of the 
natural inclusions D k _ — > Sk so that 

• the intersection of the closure of Dk - and Sk \ Dk - is not empty and it corresponds to a lifting cL of 
0£> fc ,_. ' 

• Analogously the intersection of the closure of Dk.+ and Sfe+i \ -D&,+ corresponds to a lifting d+ of dDk t ~. 

• the stabilizers of cL and d + in m (M) are the same Z subgroup generated by 70 . 

Notice that with these choices the fundamental group fo the link E of p is generated by ni(Dk.+) and 
7ri(_Dfe,_). Analogously if is the union of adjacent spacial slices corresponding to Vk and Wfc+i, its fundamental 
group in 7Ti(M) is generated by TTi(Sfe) and 7ri(S/-+i) 
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Changing the metrics jj,i(vk), p r (vk) and jjii (wfc+i ) , jj, r (vk+i) by some isotopy, we can require that they coincide 
on Dk.- and D k ,+ respectively. Let S Ci -,S Ci + be the surfaces obtained by collapsing respectively -D&,- on 
(Sk,w(Vk),fJr('Vk)) and £> fc ,+ on (^+1,^(^+1), (j, r (v k+1 )). 

Finally choose liftings of the isometries tf>i, <p r : S c> _ — > S c .+ , say <$>i, 4> r , so that 

for all 7 G 7Ti(5 c> _) = 7Ti(5 fe \ Dfc,_) = 7ri(S fc+ i \ = 7Ti(S Cj+ ). 

We fix now 

(1) developing maps devf,dev~ : S k — > H 2 of l~ii(vk), fA r (vk) so that they coincide on D kl -, 

(2) developing maps e? ; ~, : S c ._ — > H 2 extending dev~(vu) on Sfc \ D k _, 

(3) developing maps d~f ,d+ : S c ^ + — > H 2 defined as <i+ = rf, o 

(4) developing maps devf ,dev+ ■ Sk+i — > H 2 which extend d+ on Sfc + i \ Pfc,+ . 

Notice that the holonomies of devf,devf glue to a representation ifo : 7r(f2) — > PSL(2,R) x PSL(2,M) 
which is conjugated to H\ ni m\. 

So it is sufficient to prove that {Hq)\ Vi ^ is a diagonal representations. Since we are assuming that dev[~ and 
dev~ coincide on Dk,-, it is sufficient to prove that devf and dev^ coincide on Dk.+ - Since (J>i(vk+i) coincides 
with (x r (vk+i) on D k ,+, there exists R G PSL(2,M) such that 

(5) dev^ = R ° dev~l 

on D ki+ . 

On the other hand, since dDk : + bounds a disk in S c .+ where the left and right metrics coincide, by condition 
(3) of Definition 15.71 <fii and </> r coincide on dDk,+ so 4>i and <fi r coincide on d+. So df and d^ coincide on d+. 
In particular dev^ = devf on d+, and this with ([5]) implies that dev^T and dew ; + coincide on the whole Dk,+ - 
This finishes the proof that H G ^(5, T, 6»). 

Finally we need to check that the map H : T>(X) — > lZ(g,T,8) is open. Given H' close to H(n), the 
representation H'\„^s v ) is close to H(ji)\ ni fs v ) 80 it is a pair of holonomies of hyperbolic structures with cone 
angles fj,[(v ), n' r (v). Since the trace of the H '-image of peripheral elements of tti(S v ) is fixed, the cone angle at 
each point Xi is just 9(xi). Now in order to conclude we need to check that if e = [v-,v + ] is an edge of the 
graph of the manifold M, (S v+ , //J (?;+), n' r (v+)) is obtained by a double surgery on (S v _, fj,'i(v-), fx' r (v-)) with 
surgery disks isotopic to D v _^ and D v+t+ and identification maps isotopic to i e . 

This fact can be easily proved by the same argument used in the proof of Proposition l5.9l A simple holonomy 
argument shows that the collapsed surfaces So and Sq are isometric for both the left and right metrics. The fact 
that H' restricted to the fundamental group of the link of the collision point between S v _ and S v+ is diagonal 
implies that the condition (3) in the definition of double surgery is satisfied. □ 

Appendix A. An example where a double surgery is needed 

Let Si and £2 be two hyperbolic surfaces with cone singularities of angles less than 2n and let D\ and D2 
be two disks embedded in Si and £2 respectively. We suppose that there is a diffeomorphism preserving cone 
points / : Si \ D\ — > S2 \ D2 such that the holonomy of Si \ Di is conjugated to the representation obtained by 
composing the holonomy of S2 \ D 2 with the map /* : ni(Si \ Di) — > 7Ti(5 2 \ D2) induced by /. We will also 
assume in this appendix that the holonomy of dD-i is elliptic of angle 9 < 2ir. 

In Section we have shown that collapsing Di in Si and D 2 in S 2 yields the same surface (up to isometry). 
This means that there are two surgeries involved in the transformation from Si to Si. First the disk Di is 
replaced by a disk Pi containing only a cone point getting a surface S. Then another disk P 2 of S isotopic to 
Pi is replaced by D 2 . We could expect at first glance that a single surgery would be sufficient; for example, 
that choices of disks of surgery can be made so that Pi and P 2 coincide. But in this section we will prove that 
this cannot always be the case. We will find a criterion to establish whether a single surgery is sufficient, and 
will then construct an example where this criterion fails. 

Notice that the complement of any disk isotopic to D, in S. isometrically embeds in S. We consider the 
minimal convex disk A isotopic to D, constructed in Proposition 14.271 (Notice that if D, contains only 2 
singular points, the A degenerates to a segment, but the argument below can be adapted.) 

We still have that S, \ A, embeds in S. According to the following definition, the complement of its image 
is a polygon with center p which we denote by P. . 

Definition A.l. Let S be a hyperbolic surface with cone singularities, and p be a cone point on s. A polygon 
with center p in S , is an embedded disk P, such that 
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• p is in its interior; 

• P is the union of hyperbolic triangles which have all a vertex at p. 

Proposition A. 2. 52 is obtained by a single surgery on Si if and only if Pi and P2 are contained in a disk II 
embedded in S. 

The if part is easy: S \ H embeds in S, and its complement is a disk isotopic to D t . Thus we can cut 
from 5*1 the disk A[ and glue instead the disk A' 2 . The surface that we obtain is obviously isometric to S2. 
The only if part easily follows from the following lemma. 

Lemma A. 3. If S2 is obtained by a single surgery on Si, then the surgery can be done replacing a convex disk 
D[ whose boundary is piecewise geodesic with some vertices at cone points and some vertices in the smooth part 
(which can degenerate to segment) by a disk D' 2 with similar properties. 

Proof. We denote by T> the set of disks embedded in Si isotopic to D\ , whose complement can be embedded in 
5*2 by an isometric map isotopic to /. 

Take a sequence of disks D n 6 T> which minimizes the length of the boundary. It is not difficult to check that 
it converges either to a convex disk D[ with piecewise geodesic boundary or to a piecewise geodesic segment. 

In both cases Si \ D[ embeds in S2 ■ The complement D' 2 of the embedding of S\ \ D[ in S2 is still a convex 
disk with piecewise geodesic or a segment. Clearly S2 is obtained from Si by cutting D[ and replacing D' 2 . □ 

We can now prove that the condition of Proposition IA.2I is necessary. Let D[ and D' 2 be as in Lemma IA.3I 
The minimal disk A. is contained in D' 9 . 

It follows that Si \ D[ and S2 \ D 2 are both isometric to a region S 1 of S, whose complement — say II — is 
a polygon with vertex at p. Moreover S' is contained in S \ Pi and S \ P2, so II contains both Pi and P2, and 
this concludes the proof of Proposition IA.2I 

In the remaining part of this section we will construct an example of two surfaces Si and S2 satisfying the 
condition given at the beginning of the appendix but such that the disks Pi and P2 in S are not contained in a 
disk. This will show that S2 cannot be obtained by a single surgery on Si . 

First we will construct a surface S containing only a single cone point, then we will find two convex polygons 
Pi and P2 around the cone point whose union is contained in no embedded disk. Finally, making a surgery on 
P, , we will construct two surfaces S, such that the complement of the corresponding minimal disk is isometric 
to the complement of S \ P, . 

Construction of S and P, . We consider in H 2 a regular convex octagon Q such that the sum of its interior angles 
is 9 £ (0,27r). Gluing opposite sides of Q we obtain a hyperbolic surface S with a cone point corresponding to 
the vertices of Q whose cone angle is 8. Denote by it : Q — > S the projection map. 

Let I be the length of any edge of Q. Choosing I' < 1/2, we can consider for every vertex pi of Q the triangle 
Tj with two edges of length V contained in the edges of Q at p. The union of those triangles projects to a convex 
polygon Pq with center p in S. Notice that the angle of this polygon is equal to 2(j), where <fi is the base angle 
of the triangles. We now add to Pa a triangle Zi with a vertex at the center of Q and opposite edge equal to 
an edge of a triangle T^. If I' is close to 1/2 then the sum of the angle of Zi at a vertex of et and 2<fi is less 
than 7r, so Pi = Pq U Zi is a convex polygon contained in S. Since Pi U P2 contains a non-trivial loop, it is not 
contained in any disk of S. 

Construction of Si and S2 ■ Notice that Pi is a polygon with center p in S. In fact Ti n Zi is the union of two 
triangles with a vertex at p. In particular Pi can be decomposed as a union of triangles with vertex at p. Each 
of these triangles has a boundary edge and two interior edges. There is one interior edge joining p to the center 
of Q whose length is u, whereas the length of all the other interior edges is /'. 

Choose e small. We can deform every triangle of the decomposition of Pi without changing its boundary 
edge and shortening the other two edges of e. Let us call P[ the polygon obtained in this way. Replacing Pi by 
P'i we get a surface Si with a cone point at each vertex of P[ and a central vertex. 

Analogously we can obtain a surface S2 by making a surgery on P2- It is not difficult to construct a 
diffeomorphism / : Si \ P[ — > S2 \ P 2 such that the following diagram is homotopically commutative. 

To conclude it is sufficient to notice that P' t is a minimal disk whose complement is isometric to S\P m . Since 
there is no disk containing both Pi and P2, Proposition IA.2I implies that S2 cannot be obtained by a single 
surgery on Si. 
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